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Preface

General Topology has experienced rapid growth during the
past fifty years, and nowadays its language and concepts
pervade much of modern day mathematics. This book is
intended for a broad community of scholars and students
working in mathematics and other areas who want to be-
come acquainted quickly with the terminology and ideas of
General Topology that may be relevant to their work. Thus
the book provides a source where the specialist and non-
specialist alike can find short introductions to both the basic
theory and the newest developments in General Topology.

Because the book is designed for the reader who wants
to get a general view of the terminology with minimal time
and effort there are very few proofs given; on occasion a
sketch of an argument will be given, more to illustrate a no-
tion than to justify a claim. We assume that the reader has
a rudimentary knowledge of Set Theory, Algebra, Geometry
and Analysis. A reader who wants to study the subject matter
of one or more of the articles systematically (or who wants
to see the proof of a particular result) will find sufficient ref-
erences at the end of each article as well as in the books in
our list of standard references.

Guide to the reader

Titles of articles are given in the Table of Contents under
the following ten headings that roughly follow Section 54
of the 2000 Mathematics Subject Classification as used by
Mathematical Reviews and Zentralblatt MATH.
e A — Generalities
B — Basic constructions
C — Maps and general types of spaces defined by maps
D — Fairly general properties
E — Spaces with richer structures
F — Special properties
G — Special spaces
H — Connection with other structures
J — Influences of other fields
K — Connections with other fields
Topological terms used in the encyclopedia are listed in
the Index. Terms defined within an article are indicated thus:
compactness. Terms used in an article but defined elsewhere
will be typeset thus: compactness (the first occurrence only);
their definitions can be located by consulting the index.
There is a list of standard references, given below, that are
cited uniformly by a letter system. Thus [E, 3.1] would refer
to the first section on compactness in Engelking’s General
Topology and [HvM, Chapter 18] to the chapter on compact

vii

spaces in Recent Progress in General Topology (edited by
Husek and van Mill).

Standard references

[E] R.Engelking, General Topology, 2nd edition, Sigma

Ser. Pure Math., Vol. 6, Heldermann, Berlin (1989).

[HvM] M. Husek and J. van Mill, eds., Recent Progress

in General Topology, North-Holland, Amsterdam
(1992).

[Ke] J.L. Kelley, General Topology, Van Nostrand, New
York (1955), Reprinted as: Graduate Texts in Math.,
Vol. 27, Springer, New York (1975).

[Ku] K. Kunen, Set Theory. An Introduction to Indepen-
dence Proofs, Studies Logic Found. Math., Vol. 102,
North-Holland, Amsterdam (1980).

[KV] K. Kunen and J.E. Vaughan, eds., Handbook of
Set-Theoretic Topology, North-Holland, Amsterdam
(1984).

[KI] K. Kuratowski, Topology, Vol. I, Academic Press,
New York (1966).
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New York (1968).
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a-1 Topological spaces

a-1 Topological Spaces

The following is a brief survey of basic terminology used in
general topology. Engelking’s book [E] is one of the stan-
dard texts on general topology. In the book [E, pp. 18-20]
the readers can quickly review origins and background of
general topology.

1. Topological spaces

Let X be a set and 7 be a family of subsets on X. If 7
satisfies the following conditions:

Ol PpeTand X T,
(02) fU, €T andUr € T,thenU 1 NU» €T,
(03) f7'c7T,then Y7 €7,

then 7 is called a topology on X and the pair (X,7) is
called a topological space (or space for short). Every el-
ement of (X,7) is called a point. Every member of 7 is
called an open set of X or open in X. If {x} € 7, then the
point x is called an isolated point of X. The complement
of an open set is called a closed set of X or closed in X.
If a set is open and closed in a topological space, then it is
called open-and-closed or closed-and-open (or clopen for
short). Let C be the family of closed sets of a topological
space (X, 7). Then C satisfies the following conditions:

(C3) WeCand X €C,
(C3) If FieCand F, e C,then F1 U F, €C,
(C3) If ¢’ cC, then (N C' €.

The intersection of countably many open sets of a topo-
logical space need not be open. The intersection of count-
ably many open sets is called a Gs-set. The union of count-
ably many closed sets of a topological space need not be
closed. The union of countably many closed sets is called an
Fy-set. The complement of a Gs-set is an Fj-set. A topo-
logical space in which every closed set is a Gs-set is called
a perfect space. Countable unions of Gs-sets are G, -sets
and their complements are Fys-sets. This procedure can be
continued to form the hierarchy of Borel sets.

Let (X, 7) be a topological space. A subfamily 5 of 7
is called a base or basis for X (or even an open base) if
for every x € X and arbitrary U € 7 containing the point x
there exists V € Bsuch thatx € V C U, in other words every
open set of X is the union of a subfamily of B. A topological
space X having a countable base is called second-countable
or we say that X satisfies the second axiom of countability.
A base B for X satisfies the following conditions:

(B1) If Uy, U, € Band x € U NU», then there exists U € B
suchthat x e U C U NU»,
(B2) Xx=UB.

A subfamily S of 7 is called a subbase (or an open sub-
base) for X if the family of all finite intersections of mem-
bers in S is a base for X.

Let X be a topological space and x € A C X. We say that
A is a neighbourhood of x if there exists an open set U in
X such that x € U C A. Every open set containing a point x
is, of course, a neighbourhood of x. Such a neighbourhood
is called an open neighbourhood of x. A family B(x) of
neighbourhoods of x € X is called a neighbourhood base or
a local base at the point x if for every open set U containing
x there exists V € B(x) such that x € V C U. A family is a
local subbase at a point if its finite intersections form a local
base at that point.

If every point of X has a countable neighbourhood base,
then X is called first-countable or we say that X satisfies the
first axiom of countability. Every second-countable space
is first-countable. Let {B(x)},cx be a collection of neigh-
bourhood bases of the points of X, which is called a neigh-
bourhood system for X. It satisfies the following condi-
tions:

(NB1) Every B(x) is non-empty and every member of B(x)
contains x,

(NB2) If U, V € B(x), then there exists W € B(x) such that
wcunv,

(NB3) If U € B(x), then there exists a set V such that x €
V C U and for every y € V there exists W € B(y)
satisfying W C V.

Let A C B C X. We say that B is a neighbourhood
of a set A if there exists an open set U in X such that
A C U C B. A neighbourhood base at A sometimes called
an outerneighbourhood base for A is a family B of neigh-
bourhoods such that every neighbourhood of A contains a
member of B.

Let A be a subset of a topological space X. We denote by
Int A (int A or A°) the union of all open sets of X contained
in A. The set Int A is called the interior of A. It is the largest
open set of X contained in A. It is easy to check that a point
x belongs to Int A if and only if there exists a neighbourhood
U of x such that U C A. The operator Int, called the interior
operator, satisfies the following conditions:

(I01) IntX =X,

(I102) IntA C A,

(I03) Int(AN B) =IntANIntB,
(I104) Int(IntA) =IntA.

We denote by A (clx A or Cly A) the intersection of all
closed sets of X containing A. The set A is called the closure
of A.Itis the smallest closed set of X containing A. Itis easy
to check that a point x belongs to A (is an adherent point
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Section A:  Generalities

of A) if and only if every neighbourhood of x intersects A.
A point not in A is an exterior point of A.

The set AN X — A is called the boundary of A and de-
noted by Fr A (Br A, dA). The operator -, called the closure
operator, satisfies the following conditions:

(CO1) =0,

(CO2) ACA,

(CO3) AUB=AUB,
(CO4) (A)=A.

EXAMPLE 1. Let X ={a, b, ¢} and
T ={0. X {a.c}. {b.c}, {c}}.

Since 7T satisfies (O1), (02) and (03), (X,7) is a topolo-
gical space. The family of closed subsets of X is {0, X, {b},
{a}, {a, b}}. Obviously Int{a, b} = ¥ and clx{c} = X.

EXAMPLE 2. Let R be the set of real numbers. Let 7 be
the family of all subsets U of R satisfying the property
that for each x € U there exists an &€ > 0 such that (x — &,
x +¢e) C U. Since 7 satisfies (O1), (02) and (03), (R, 7)
is a topological space. The topology 7 is called the natural
topology on R.

A subset U of a topological space X is called a regular
open set or an open domain if U = IntU holds. A subset F
of a topological space X is called a regular closed set or a
closed domain if F = IntA holds.

A point x of a topological space X is called an accumula-
tion point or a cluster point of aset A C X if x € A — {x}
holds, in other words every neighbourhood of x contains a
point of A besides x. The set of all accumulation points of A
is called the derived set of A, and denoted by A?. A point
x of a topological space X is called a complete accumu-
lation point of a set A C X if for every neighbourhood U
of x, |U N A| = | A] holds. If every neighbourhood of x con-
tains uncountably many points of A, then the point is called
a condensation point of A.

A subset A of a topological space X is called a dense set
(a nowhere dense set respectively)in X if A = X (IntA = ¢
respectively) holds. If a topological space X has a countable
dense subset, then X is called a separable space. Any count-
able union of nowhere dense subsets is called a set of first
category or a meager set. Any set not of the first category
is called a set of second category.

Let X be a topological space and .4 a family of subsets
of X. If X =|J A holds, then A is called a cover or cov-
ering of X, and a cover whose members are open (closed
respectively) in X is called an open cover (a closed cover
respectively) of X. If every point of X is contained in at
most finitely many (countably many respectively) members
of A, then A is called point-finite (point-countable respec-
tively). If for every x € X there exists a neighbourhood of x
which intersects at most one member (finitely many mem-
bers respectively) of A, then A is called a discrete family

(a locally finite family respectively). If for every subfamily

A C A,

UlA:aea)=Ja

holds, then A is called closure-preserving. More strongly,
if for every subfamily A" = {A,: @ € I'} C A and any By C
Ay (@ ell),

U(Ba:aer} = JiBu:wer)

holds, then A is called hereditarily closure-preserving. If
A can be represented as a countable union of discrete fam-
ilies, then A is called o-discrete. In a similar way we de-
fine o-disjoint, o -locally finite, o -point-finite, o -closure-
preserving, o-hereditarily closure-preserving, etc. The
following implication holds.

discrete
=
locally finite
e N
point-finite  hereditarily closure-preserving
- =

point-countable closure-preserving

There are several ways to give a set X a topology.

Let BB be a family of subsets of X satisfying the conditions
(B1) and (B2). Let

T:{U: U:UB’forsomeB’CB].

Then 7 is a topology on X and B is a base for the topolo-
gical space (X, 7). The topology 7 is called the topology
generated by the base B. Let S be a family of subsets of
X satisfying (B2). Then the family B of all finite intersec-
tions of members of S satisfies (B1) and (B2). The topology
generated by B is called the topology generated by the sub-
base S.

Let {B(x): x € X} be a collection of families of subsets of
a set X satisfying the conditions (NB1), (NB2) and (NB3).

T={U:ifxeU, thenxeV CU
for some V eB(x)}.

Then 7 is a topology on X and each B(x) is a neighbour-
hood base of x in the topological space (X, 7). The topology
T is called the topology generated by the neighbourhood
system {B(x): x € X}.

Let X be a set and Int is an operator assigning to every
set A C X aset IntA C X ruled by (I01), 102), (I03)
and (I04). Let

T ={U: IntU =U}.
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Then 7 is a topology on X and Int A is the interior of A in
the topological space (X, 7). The topology 7 is called the
topology generated by the interior operator Int.

Let X be a set and -~ is an operator assigning to every
set A C X aset AC X ruled by (CO1), (CO2), (CO3) and
(CO4). Let

Then 7 is a topology on X and A is the closure of A in
the topological space (X, 7). The topology 7 is called the
topology generated by the closure operator -.

Let 77 and 7; be topologies on a set X. If 7] C 75, then
we say that 7, is finer (stronger or larger) than 77, or 7;
is coarser (weaker or smaller) than 7;. The finest topology
on X is the family of all subsets of X, and it is called the
discrete topology. A topological space with this topology
is called the discrete space. The coarsest topology on X
consists of ¥ and X only, and it is called the anti-discrete
topology or indiscrete topology. A topological space with
this topology is called the anti-discrete space or indiscrete
space. All topologies on a set X are partially ordered by in-
clusion C.

Let (X, 7) be a topological space and Y a subset of X.
Let

Ty ={YNU:UeT).

It is easy to check that 7y satisfies the conditions (O1), (02)
and (O3), so it is a topology on Y. The topological space
(Y, 7y) is called a subspace of X. The topology 7y is called
the induced topology or subspace topology. If Y is open
(closed respectively) in X, then it is called an open sub-
space (a closed subspace respectively) of X. Obviously a
set A C Y is open (closed respectively) in the subspace Y if
and only if there exists an open set U (a closed set F respec-
tively) of X suchthat A=Y NU (A =Y N F respectively).
If a subspace Y of a topological space X does not have any
isolated points, then it is called dense-in-itself. A closed and
dense in itself subspace is called a perfect set.

Let {X4}aea be a family of topological spaces such that
Xy N Xpg =9, where A is an index set. For the union X =

Ugen Xa, let

T={U:UcCX, UNXgyisopenin X,

for any o € A}.
It is easy to check that 7 satisfies the conditions (O1), (02)
and (03), so it is a topology on X. The topological space
(X, T) is called the topological sum (also discrete sum) of
the spaces {X}oea and denoted by @QGA Xg.
Let {Xq}ueca be a family of topological spaces. For the

Cartesian product X =[], 4 Xa, let

B= {]_[aeAUa: Uy is open in Xy, Uy # X4

only for finitely many o € A}.

It is easy to check that B satisfies the conditions (B1) and
(B2), so it generates a topology 7 on X. The topological
space (X,7) is called the product space of the spaces
{Xq}aeca and the topology 7 is called the Tychonoff prod-
uct topology on X. The base B is called the canonical base
for X.

2. Networks, k-networks and weak bases

We recall the notions of networks, k-networks and weak
bases of topological spaces. They behave like bases, but
every member of such families need not be open. Therefore
such families are easier to deal with than bases.

A family N of subsets of a topological space X is called a
network for X if for every x € X and any neighbourhood U
of x there exists N € A/ such that x € N C U. A base for X
is a network. The family {{x}: x € X} is, for instance, a net-
work for X. The notion of a network was introduced in [3] to
investigate metrization conditions of compact spaces. It was
proved in [3] that the network weight and the weight are
equal for compact spaces. Thus every compact space with
a countable network is second-countable, hence metrizable
by Urysohn’s theorem [E, 4.2.9]. Michael named a regular
space having a countable network as a cosmic space [16].
It is known that a regular space X is the image of a sepa-
rable metric space under a continuous map if and only if
X is cosmic, see [16]. A regular space with a o-locally fi-
nite network is called a o-space, which was introduced by
Okuyama [18]. The class of o -spaces is important in the the-
ory of generalized metric spaces.

A family P of subsets of a topological space X is called
a k-network (pseudobase respectively) for X if whenever
C C U with C compact and U open in X, there exists P’
of finitely many members of P (P € P respectively) such
that C C |JP' C U (C C P C U respectively). The notions
of a k-network and a pseudobase are due to [20] and [16]
respectively. Obviously a pseudobase is a k-network, and a
k-network is a network. According to [16], a regular space
having a countable pseudobase is called an Np-space. If P
is a countable k-network for a topological space X, then the
family of the unions of finitely many members of P is ob-
viously a pseudobase for X. Hence we may say that an Ro-
space is a topological space having a countable k-network.
Since every separable metric space is second-countable, it
is an Ryp-space. Conversely every first-countable Rg-space is
separable and metrizable [16]. According to [20], a regular
space with a o -locally finite k-network is called an N-space.
Since every metric space has a o -locally finite base, it is an
R-space. Conversely every first-countable X-space is metriz-
able [19].

As represented by Nagata—Smirnov’s metrization theo-
rem, metrizability of topological spaces can be characterized
by means of the existence of special bases. Similarly we can
make use of a k-network to give inner characterizations of
images of metric spaces by special continuous maps (e.g.,
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quotient maps, closed maps, etc). We recall two typical re-
sults in this direction. Michael proved in [16] that a regular
space X is the image of a separable metric space by a quo-
tient map if and only if X is a k-space and an Rg-space.
Foged proved in [12] that a regular space X is the image of
a metric space by a closed map if and only if X is a Fréchet
space with a o -hereditarily closure-preserving k-network.

The notion of a k-network is useful in investigating func-
tion spaces. For topological spaces X and Y, let C(X, Y) be
the function space of all continuous maps from X to Y with
the compact-open topology. Michael proved in [16] that if
X and Y are Ro-spaces, then C(X, Y) is also an Rg-space.
Foged proved in [11] that if X is an ¥p-space and Y is an
R-space, then C(X, Y) is a paracompact X-space.

The field of the theory of a k-network is extensive. It is
closely related to other branches in general topology. Reg-
ular spaces with a point-countable k-network were stud-
ied in detail in [13]. Shibakov proved in [22] that a Haus-
dorff sequential topological group with a point-countable
k-network is metrizable if its sequential order is less than
w1 . Further properties of sequential topological groups with
a point-countable k-network were studied in [15]. The read-
ers can find many papers on k-networks in the references of
[24] and [25].

Let X be a topological space. For every x € X let 7,
be a family of subsets of X containing x. If the collection
{7;: x € X} satisfies

(1) for every x € X the intersections of finitely many mem-
bers of 7, belong to 7, and

(2) U c X is open in X if and only if x € U implies x €
T cU forsomeT €7,

then it is called a weak base for X and each individual 7,
a weak neighbourhood base. This notion was introduced
by Arhangel’skii [6, p. 129] to study symmetrizable spaces.
A topological space X is said to satisfy the weak first axiom
of countability or X is weakly first-countable if it has a
weak base {7: x € X} such that each 7, is countable. Every
symmetrizable space is weakly first-countable and a topo-
logical space is first-countable if and only if it is a weakly
first-countable Fréchet space [6]. A regular space with a o -
locally finite weak base is called a g-metrizable space [23].
Foged proved in [10] that a topological space is g-metrizable
if and only if it is a weakly first-countable NX-space.

3. Special bases

Since Alexandroff—-Urysohn’s metrization theorem [E, 5.4.9],
many special bases related to developable spaces have been
studied.

A base B for a topological space X is a uniform base
or a point-regular base if for every point x € X and every
neighbourhood U of x the set

{BeB:xeB, BN(X-U)#9}

is finite. It is easy to check that a base 5 for a topological
space X is uniform if and only if for every x € X, every
family of countably infinite members of B containing x is
a neighbourhood base at the point x. The notion of a uni-
form base is due to Alexandroff [1] and he proved in the
paper that a topological space is metrizable if and only if it
is collectionwise normal and has a uniform base. Topolo-
gical spaces having a uniform base are closely related to de-
velopable spaces. Heath proved in [14] that a T>-space has
a uniform base if and only if it is metacompact and devel-
opable. Topological spaces having a uniform base were char-
acterized as the images of mefric spaces under continuous
compact open maps [6].

Arhangel’skii introduced in [4] a stronger version of a uni-
form base. A base B for a topological space X is called a
regular base if for every point x € X and every neighbour-
hood U of x there exists a neighbourhood V of x such that
V C U and the set

{BeB:BNV #@and BN (X —U) # ¥}

is finite. He proved in that paper that a topological space is
metrizable if and only if it is a T}-space and has a regular
base.

A base B for a topological space X is called a base of
countable order if for every point x € X and any decreasing
family {B,: n € w} of distinct members of B containing x the
family is a neighbourhood base at the point x. Obviously a
uniform base is a base of countable order. This notion was in-
troduced by Arhangel’skii in [5]. He proved in [5] that every
regular developable space has a base of countable order, and
that a paracompact T,-space with a base of countable order
is metrizable. Worrell and Wicke gave a characterization of
developable spaces in terms of bases of countable order. In-
deed they proved in [26] that a T;-space is developable if
and only if it is submetacompact and has a base of count-
able order. Hence, by Bing’s metrization theorem [E, 5.4.1],
a collectionwise normal space is metrizable if and only if it
is submetacompact and has a base of countable order [26].

For a family A of subsets of a set X and x € X we
put ord(x, A) = [{A € A: x € A}|. A family B =, ., Bn
of open subsets of a topological space X is called a 6-
base (60-base respectively) if for every point x € X and
any neighbourhood U of x there exist n € w and B €
B, such that x € B C U and 1 < ord(x, ;) < o (1 <
ord(x, B,) < w respectively). Every o -point finite base is a
0-base. A §6-base is a common generalization of a 6-base
and a point-countable base. The notion of a #-base is due to
Worrell and Wicke [26] and they proved in this paper that
a topological space X is developable if and only if X has
a 0-base and every closed subset of X is a Gs-set. Hence,
by Bing’s metrization theorem [E, 5.4.1], a collectionwise
normal space is metrizable if and only if it has a 6-base
and every closed subset is a Gs-set [26]. Later Bennett and
Lutzer proved in [8] that a regular space has a 6-base if and
only if it is quasi-developable. The notion of a §0-base was
introduced by Aull [7]. Aull proved in [7] that a topological
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space has a 6-base if and only if it is a weak o -space and
has a §6-base, where a topological space X is called a weak
o -space if it has a o -disjoint network such that each disjoint
family is discrete in its union. Chaber proved in [9] that a
submetacompact B-space with a §6-base is developable. In
particular, by Bing’s metrization theorem [E, 5.4.1], every
compact T>-space with a §6-base is metrizable .

Point-countable bases were introduced by Alexandroff
and Urysohn [2]. They proved in [2] that a locally separa-
ble space with a point-countable base is metrizable. Pono-
marev proved in [21] that a 7T7-space is an image of a met-
ric space by a continuous open s-map if and only if it has
a point-countable base. MiS¢enko proved in [17] that every
countably compact Ti-space with a point-countable base is
metrizable.
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a-2 Modified Open and Closed Sets

(Semi-Open Set etc.)

1. 6-closed and §-closed sets

A subset A of a topological space (X, t) is called reg-
ular open if A = Int(CI(A)). The complement of a reg-
ular open set is called regular closed. A point x € X is
called a 6-cluster (5-cluster) point of A if ANCI(U) # @
(A N Int(C1(U)) # ?) for every open set U of X contain-
ing x. The set of all f-cluster (é-cluster) points of A is
called the 0-closure (5-closure) and is denoted by Cly(A)
(Cls5(A)). A subset A is called 9-closed (§-closed) [14] if
Clp(A) = A (Cls(A) = A). The complement of a 6-closed
(8-closed) set is called 6-open (5-open). The family of reg-
ular open sets of (X, r) is not a topology. But it is a base
for a topology 7, called the semiregularization of t. If
7y = 7, then (X, 1) is called semiregular. For any sub-
set S C X, CI(S) C Cls(S) C Clg(S) and for any U €t
Cl(U) =Cls(U) =Clp(U) [14].

The following are equivalent: (a) (X, t) is Hausdorff,
(b) for any distinct points x, y € X Clp({x}) NClp ({y}) =7;
(c) every compact set of X is 6-closed. A space (X, ) is
called almost regular if for any regular closed set F' and a
point x ¢ F, there exist disjoint U, V € t such that F C U
and x € V. The following are equivalent: (a) (X, 7) is regu-
lar; (b) Clg(A) = Cl(A) for every subset A C X; (¢) (X, 1)
is almost-regular and semiregular. The following are equiv-
alent: (a) (X, t) is almost-regular; (b) Clg(A) = Cls(A) for
every subset A C X; (¢) (X, ty) is regular; (d) Clp(A) = A
for every regular closed set A of X.

2. Semi-open sets

A subset A of (X, 1) is semi-open [9] if A C Cl(Int(A)).
The family SO(X, 7) of semi-open sets of (X, 7) is not a to-
pology. The complement of a semi-open set is called semi-
closed. A semi-open and semi-closed set is called semireg-
ular [4] or regular semi-open. The semi-closure sCI(A) of
A is defined as

sCl(A) = ﬂ{F: ACF, X\ FeSOX,1))}.

If U € SO(X, 1), then sCI(U) is semiregular. A subset A
of (X, 7) is called semi-0-open if for each x € A there ex-
ists U € SO(X, t) such that x e U C sCI(U) C A. By us-
ing semi-open sets, many separation axioms, covering prop-
erties and functions have been introduced and investigated.
For example, we can mention semi-Hausdorff, semiregular,
s-compact (every semi-open cover has a finite subcover),

semi-continuous, irresolute, etc. A function f: X — Y is
called semi-continuous or quasi-continuous (respectively
irresolute) if =1 (V) is semi-open in X for every open (re-
spectively semi-open) set V of Y.

A space (X, t) is called S-closed [13] (s-closed [4]) if
for every cover {Vy: o € A} of X by semi-open sets there
exists a finite subset Ag of A such that X = Uae Ao Cl(Vy)
(X = Uaer sC1(Vy)). Every s-closed space is S-closed and
every S-closed space is quasi H-closed (for every open
cover {Vy: a € A} of X there exists a finite subset Ag of
A such that X = [J,ca, Cl(Vy)). For a Hausdorff space
(X, 1), the following are equivalent: (a) (X, 7) is s-closed;
(b) (X, 1) is S-closed; (¢) (X, ) is quasi H-closed ex-
tremally disconnected. For a space (X, t), the following are
equivalent: (a) (X, 7) is S-closed; (b) every regular closed
cover of X has a finite subcover; (c) every proper regular
open set of (X, 7) is an S-closed subspace. Compactness and
S-closedness are independent of each other. S-closedness
does not behave like compactness. The following are typical
properties: a closed set of an S-closed space is not always S-
closed; the product space of two S-closed spaces need not
be S-closed; S-closedness need not be preserved by continu-
ous surjections; the inverse images of S-closed spaces under
perfect maps are not necessarily S-closed.

For a space (X, 1), the following are equivalent: (a) (X, 7)
is s-closed; (b) every cover of X by semiregular sets has a
finite subcover; (c) every cover of X by semi-6-open sets
has a finite subcover. Moreover, s-closedness has the follow-
ing properties: s-closedness is preserved by open continuous
surjections and if the product space [[,c X« is s-closed
then each space X, is s-closed but the converse is not true.

3. Preopen sets

A subset A of (X, 1) is called preopen [11], locally dense
or nearly open if A C Int(Cl(A)). The complement of a
preopen set is called preclosed. The family PO(X, t) of
preopen sets of (X, t) is not a topology. For a subset A
of (X, 1), the following are equivalent: (a) A € PO(X, 1);
(b) A is the intersection of an open set and a dense set;
(c) A is a dense subset of some open subspace; (d) sC1(A) =
Int(CI(A)). Here are basic properties of preopen sets: (1)
every singleton is either preopen or nowhere dense; (2) the
arbitrary union of preopen sets is preopen; (3) the finite inter-
section of preopen sets need not be preopen; (4) preopenness
and semi-opennes are independent of each other; (5) a subset
A is regular open if and only if it is semi-closed and preopen.
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Extremally disconnected spaces are characterized by pre-
open and semi-open sets. For a space (X, t), the follow-
ing are equivalent: (a) (X, t) is extremally disconnected;
(b) every regular closed subset of X is preopen; (c) every
semi-open set of X is preopen; (d) the closure of every pre-
open set is open.

A space (X, 1) is called hyperconnected, irreducible or
a D-space if every nonempty open set of X is dense. For
a space (X, 1), the following are equivalent: (a) (X, ) is
hyperconnected; (b) sCI(A) = X for every nonempty pre-
open set A; (c) every nonempty preopen set of X is dense;
(d) every nonempty semi-open set is dense; (e) X is not ex-
pressed as the union of two disjoint nonempty semi-open
sets of X.

By using preopen sets, many separation axioms and func-
tions are defined and investigated. However, we deal with
only important covering properties: a space (X, 1) is a
strongly compact space (or a p-closed space [7]) if for
every cover {V,: o € A} of X by preopen sets there ex-
ists a finite subset Ag of A such that X =J,cp, Vo (X =
Uge 4, PC1(Va)). Every strongly compact space is p-closed
and every p-closed space is quasi H-closed. If (X, t) is
p-closed and extremally disconnected, then it is s-closed.

4. «-open sets

A subset A of (X,7) is called w-open [12] if A C
Int(Cl(Int(A))). The family t* of w-open sets of (X, 1)
is a topology which is finer than r. The complement
of an a-open set is called a-closed. For a subset A of
(X, 1), the following are equivalent: (a) A € t%; (b) A is
semi-open and preopen; (¢) A N B € SO(X, t) for every
B € SO(X,71); (d) A= 0O\ N, where O € T and N is
nowhere dense; (e) there exists U € T such that U C A C
sClI(U) = Int(CI(U)). Here are some fundamental prop-
erties of «-open sets: (1) the intersection of semi-open
(preopen) set and an «-open set is semi-open (preopen),
(2) SO(X, t) =SO(X, %) and PO(X, t) = PO(X, %), (3)
a-open sets A, B are disjoint if and only if Int(Cl(Int(A)))
and Int(Cl(Int(B))) are disjoint. As a consequence of (3) we
can obtain new characterizations of Hausdorffness, regular-
ity, normality and connectedness by replacing open sets with
a-open sets.

5. b-open and SB-open sets

A subset A of (X, 7) is called b-open [3] if A C Int(CI(A))U
Cl(Int(A)). The complement of a b-open set is called
b-closed. The family BO(X, 7) of b-open sets of (X, 1) is
not a topology. Every semi-open (preopen) set is b-open but
the converses are not true. There are some basic properties:
(1) the union of any family of b-open sets is b-open, (2) the
intersection of a b-open set and an «-open set is b-open,
(3) BO(X, 7) =BO(X, t%).

A subset A of (X, t) is called S-open [1] or semi-
preopen [2] if A C Cl(Int(Cl(A))). The complement of
a f-open (semi-preopen) set is called B-closed (semi-
preclosed). The family SPO(X, t) of semi-preopen sets
of (X, 1) is not a topology. For a subset A of (X, t), the
following are equivalent: (a) A € SPO(X, t); (b) CI(A)
is regular closed; (c) there exists U € PO(X, t) such that
UcCAcCCIU); (d)sCIl(A) e SO(X, t); () A= SN D for
S € SO(X, 7) and a dense set D. There are some basic prop-
erties of semi-preopen sets: (1) the arbitrary union of semi-
preopen sets is semi-preopen, (2) BO(X, ) C SPO(X, 1),
(3) SPO(X, ) = SPO(X, t%), (4) the intersection of an
a-open set and a semi-preopen set is semi-preopen.

A space (X, 1) is called S-compact if every cover of X
by B-open sets has a finite subcover. However, it was shown
in [8] that infinite B-compact spaces do not exist.

The following relations hold among modifications of open
sets stated above.

regular open — semiregular

- |

6-open — §-open — semi-open — b-open — f-open
- 1 1
open — «-open — preopen

6. Generalized closed sets

In 1970, Levine [10] introduced the concept of generalized
closed sets as a generalization of closed sets in topological
spaces. Recently, the study of modifications of generalized
closed sets has found considerable interest among general
topologists. One of the reasons is that these concepts are
quite natural. The following is the original definition: A sub-
set A of (X, 7) is called generalized closed (g-closed) if
CI(A) C U whenever A C U and U € 1. There are many
modifications of g-closed sets.

By replacing CI(A) with Cls(A) and Clg(A), §-gene-
ralized closed [5] sets and O-generalized closed [6] sets
are obtained. These sets play an important role in study
of the digital line. The digital line (Z,«) is the set Z
of all integers equipped with the topology x generated by
{{2n—1,2n,2n+1}:n € Z}. A space (X, 7) is called a T34~
space [5] if every §-generalized closed set of X is §-closed.
A T3 4-space places strictly between a Ti-space and a T 2-
space (every g-closed set is closed). The Khalimsky line or
so called digital line is a 73,4-space but it is not 7.
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A function ¢ which assigns a cardinal ¢(X) to each topo-
logical space X is called a cardinal function or a cardi-
nal invariant if it is a topological invariant, i.e., if we have
¢(X) = ¢(Y) whenever X and Y are homeomorphic.

Here we assume that the values of cardinal functions are
always infinite cardinals. The simplicity of infinite cardinal
arithmetic (i.e., kK + A = k - A = A whenever « and A are
infinite cardinal numbers with x < A) helps us to simplify
our statements.

We adopt the following set-theoretic notation: cardinal
numbers are initial ordinals, i.e., x is a cardinal if and only
if it is the smallest ordinal of the cardinality |k|. «, A, ...
always denote cardinal numbers. w and w; are used to denote
the first infinite ordinal (cardinal) and the first uncountable
ordinal (cardinal) respectively. So, for each cardinal «, we
have k + w = « if « is infinite, and k + w = w if « is finite.
To avoid typesetting problems, 2“ is often denoted by exp«.
Thus expw = 2% is the cardinality ¢ of the continuum, in
other words, the cardinality of the set of real numbers.

Let (X, t) be a topological space. Obviously, the cardi-
nality |X| of X is the simplest cardinal function. Recall
that a subfamily B of t is a base if every member of t is
the union of a subfamily of 5. The most important cardi-
nal function is the weight w(X) of X, which is defined by
w(X) = min{|B|: B is a base for X} 4+ w. Here w is added to
make the value infinite. A space X satisfies the second ax-
iom of countability, or is second-countable if w(X) < w,
in other words, if it has a countable base. In the early stage of
general topology, first, Euclidean spaces and its subspaces
were studied. In the following stage, separable metrizable
spaces played an important role. Indeed, for example, Kura-
towski mainly concentrated on separable metrizable spaces
in his book [4]. Kinds of countability played an important
role in the classical theory. For a regular Ty-space X, the
following are equivalent:

(a) X is separable metrizable,

(b) w(X)=w (i.e., X is second-countable),

(c) X can be embedded in the product I of countably
many copies of the unit interval I = [0, 1].

More generally, for a completely regular T1-space X and an
infinite cardinal «, the following (b’) and (c¢’) are equivalent:
() w(X) =«, (¢c') X can be embedded in the product 7
of ¥ many copies of the unit interval / = [0, 1], which is
called Tychonoff cube of weight k. Hence weight is a car-
dinal function which measures, in some sense, the size of a
typical space in which the space can be embedded.

In Cardinal functions Part I, we give a brief introduc-
tion to simple and well-known cardinal functions, which are
obtained as generalizations of classical countability axioms

(for more information see [3], [KV, Chapter 1], [E, Prob-
lems, Cardinal functions I, II, III, IV]). The inequalities be-
tween the cardinal functions defined here are summarized in
[KV, Chapter 1, §3, Figure 1].

Now we turn our attention to other cardinal invariants.
For a metrizable space X, the separability of X can be
characterized by some other cardinal functions. Let X be
a topological space. The Lindelof degree (Lindelof num-
ber) L(X) (sometimes denoted by /(X)) of X is defined by
L(X) = min{k: every open cover of X has a subcover of
cardinality < k} + w. If L(X) = w, i.e., every open cover
has a countable subcover, we say that X is Lindeldf. De-
fine the density d(X) of X by d(X) = min{|D|: D is a
dense subset of X}. If d(X) = w, we say that X is a sepa-
rable space. Define the cellularity (Souslin number) c(X)
of X by ¢(X) = min{«: every family of pairwise disjoint
nonempty open subsets of X has cardinality < «} + w. If
c(X) = w, we say that X has the countable chain condition
(Souslin property). Countable chain condition is abbrevi-
ated as ccc. The spread s(X) and the extent e(X) are de-
fined as follows: s(X) = sup{|D|: D is a discrete subset of
X} 4+ w, and e(X) = sup{|D|: D is a discrete closed subset
of X} + w.

For a metrizable space X, we have

w(X) = LX) =d(X) = c(X) = s(X) = e(X).

For a completely metrizable space X, we have either | X| =
w(X) or | X| = w(X)® (all these results can be found in [KV,
Chapter 1, §8]).

Those cardinal functions are not equal for general topo-
logical spaces. However there are some relations between
them. For example, we have the following inequalities:
L(X) < w(X), ¢(X) <d(X) < w(X), and d(X) < |X].

We give here some examples showing the difference be-
tween such cardinal functions. The Sorgenfrey line S is de-
fined to be the real line R as a set. The base for S is a family
consisting of all half open intervals of the form [p, ¢) with
p,q € Rand p < q. S satisfies L(S) = w <2 = w(S). Let
D be an uncountable discrete space and X be the one-point
compactification of D. Then L(X) =w < |D| = c(X). Let

Yy — Jexpexpw (or {0, 1}expexpa))
be the Tychonoff product of expexpw many copies of the
unit interval I = [0, 1] (or the two point discrete space
{0,1}), then c(Y)=L(Y) =w, d(Y) =expw and w(Y) =
expexpw.

The cardinal functions defined above are called global
cardinal functions. Now we introduce local cardinal func-
tions. Let X be a topological space and x € X. Recall that
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a family U of neighbourhoods of x is called a neighbour-
hood base of x in X if for every neighbourhood V of x,
there is U € U with U C V. The character x(x, X) of
x in X is defined by x(x,X) = min{|U|: U is a neigh-
bourhood base of x in X} 4+ w. Furthermore the character
x(X) of X is defined by x(X) =sup{x(x,X): x € X}. In
other words, x(X) = min{x: ¥k > w, any point x € X has a
neighbourhood base of cardinality < «}. A space X satis-
fies the first axiom of countability, or is first-countable if
x(X) € w, i.e., if every point of X has a countable neigh-
bourhood base. The tightness 7 (x, X) of x in X is defined
by #(x, X) = min{x: k > o, forany set A C X withx € cl A,
there is a subset B of A with |B| < k and x € cl B}, and de-
fine the tightness 7 (X) of X by #(X) = sup{¢(x, X): x € X}.
In other words, #(X) = min{x: k¥ > w, for any point x € X
and any subset A of X with x € cl A, there is a subset B
of A of cardinality < « satisfying x € cl B}. Every metriz-
able space satisfies the first axiom of countability, and every
first-countable space has countable tightness.

For compact spaces, some cardinal functions can be char-
acterized by the existence of a family with some weaker con-
dition. A family N of subsets of a space (X, 7) is called a
network if every member of t is a union of a subfamily of
N, ie., if forany V €t and any x € V, there is A € N
with x € A C V. Hence, a family N of subsets of X is a
base for X if and only if it is a network for X consisting
of open sets. Define the network weight nw(X) of X by
nw(X) = min{|NV|: NV is a network for X} + w. It is inter-
esting to see that w(X) = nw(X) for any compact space X.
Since the family {{x}: x € X} is a network for any space X,
we have w(X) = nw(X) < |X| for any compact space X.
Note that the equality w(X) = nw(X) also holds for any
metrizable space X. Define the pseudocharacter ¥ (x, X)
of x in X by ¥ (x, X) = min{|{/|: U is a family of neighbour-
hoods of x with {x} = [\U}+ w. The pseudocharacter of X
is defined by ¥ (X) = sup{¥/(x, X): x € X}. Then, by the de-
finition of compactness, it is easy to see that x (X) = ¥ (X)
for any compact 7-space X.

Some cardinal functions are bounded by some powers
containing other cardinal functions. For example, we have
|X| < expw(X) for any T7-space X. This is because each
point can be decided by the family of all open sets contain-
ing the point.

It can be shown that w(X) < expd(X) for any regular
space X. Indeed, let B be a base and D a dense set of a
regular space X. Then {intcl B: B € B} is a base consisting
of regular open sets, where a regular open set is an open
set U with U =intclU. Since each regular open set can be
decided by its intersection with D, we have the inequality.

Some global cardinal functions are bounded by some
combinations of global functions and local functions. For
example, we have | X| < d(X)XX) for any T»-space X. In
1969, Arkhangel’skii proved a highly nontrivial result that
the cardinality of any compact first-countable 7>-space is
< 2%, answering Alexandroff and Urysohn’s problem that
had been unanswered for about thirty years. More generally,

it can be shown that
|X| <exp(L(X) - ¢(X) - 1(X))

for any T»-space X. His original proof is difficult to under-
stand. We give here the idea of a simplified proof due to
R. Pol. Let X be a Lindelof first-countable T>-space. We
show that |X| < 2“. Let U, be a countable neighbourhood
base for each x € X, and

A={A: Ais asubset of X with |A| <2}.

Note that cl A € A for any A € A, because each point x €
cl A is decided by a sequence in A converging to x and
there are < 2“ many sequences in A. Consider an opera-
tion @ which assigns to each closed set A € A, an element
@ (A) € A with the following property: A C @(A); and for
any countable subfamily V of | J, .4 Uy of X with A C (JV
and X — JV # ¥, we have @(A) — |V # ¥ (the Lindelof
property is used to show the existence of such }V whenever
X — A # 0). An operation @ exists because there are only
< 2“ many choices of such V and so we can pick a point xy
from X — [V for such V. Let @ (A) be the union of A and
the set of such xy,’s. Now take any point xo € X and define
Ao = {xo}. By using transfinite induction, for each o < wj,
define Ay, = cl(@(cl(Ulka Ap)). Then we can show that
Ag e Aand X = Ua<a)1 A, which implies | X| < 2%.

The argument above is called “a closing-off argument”
or “a closure argument”. Here, the term “closure” does not
mean the topological closure but closure under a family of
operations. A general way of simplifying closing-off argu-
ments is via “elementary submodels of the universe”. For
example, to prove Arkhangel’skii’s inequality by using an
elementary submodel, just take one, M say, of cardinality
2¢ such that X € M and A € M for any countable A C M.
Here we need not mention the operation @ above. To com-
plete the proof, what we should do is show that X C M (see
[2]).

Now let us consider the behavior of cardinal functions un-
der topological operations. It is interesting for us to observe
that each cardinal function behaves quite differently.

(1) continuous images: Let ¢(X) be a cardinal function
and f:X — Y be a continuous map onto Y. In this case,
we say that ¢ is preserved by the map f if ¢(Y) < ¢(X).
It is easy to see that the Lindelof number L, density d and
cellularity c are preserved under any continuous map. If X is
compact, then weight w is preserved by any continuous map
f:X — Y onto Y. Indeed, since X and Y are compact, we
have w(X) =nw(X) and w(Y) =nw(Y). It is easy to check
that network weight is preserved by any continuous map.

However, generally speaking, weight w is not preserved
under continuous maps. For example, let X = R? and let Y
be the space obtained from X by collapsing the x-axis to one
point denoted by oco. Let f:X — Y be the quotient map.
Then X is second-countable and f is a closed map, but Y is
not second-countable, because Y is not first-countable at 0o.
At early stage of general topology, spaces satisfying some



a-3 Cardinal functions, Part I

13

axiom of countability were studied. However uncountability
naturally appears in such a situation. An easy way to de-
scribe this phenomenon is to consider sequential fans. The
sequential fan S(x) with « spines is defined by the space
obtained from the topological sum T (k) of k many copies of
the convergent sequence by identifying all the limit points
to a point denoted by oo. Let f:T (k) — S(k) be the quo-
tient map. If k = w, then f is a closed map from a second-
countable (hence, a separable metrizable) space T (w) onto a
space S(w). But S(w) is not first-countable at co. The char-
acter x (0o, S(w)) is equal to the cardinal denoted by 0, and
it can be shown that we cannot prove 9 =2 or ? < 2% by
using our usual mathematics (i.e., ZFC set theory) (see [KV,
Chapter 3]).

(2) subspaces: A cardinal function ¢ is a monotone car-
dinal function if ¢(Y) < ¢(X) for any subspace Y of X.
Weight w and character y are monotone. But Lindel6f num-
ber L, density d and cellularity ¢ are not monotone. For ex-
ample, let D be an uncountable discrete space and X a one-
point compactification of D. Then L(D) > L(X). Let Y be
the Niemytzki Plane and Z the x-axis of the plane. Then Z
is a closed discrete set of ¥ and

d(Z)=c(Z)=2">w=d(Y) =c(Y).

For each cardinal function ¢ which is not monotone, de-
fine a new cardinal function h¢ by hp = sup{e(Y):Y C X}.
Note that hc(X) = he(X) = s(X) for any space X. hL(X)
and hd(X) will be discussed in Cardinal functions Part II.

(3) products: Let ¢ be a cardinal function and «, A car-
dinals. The property ¢ < « is said to be a A-multiplicative
property if we have ¢([ [, _, X«) <« whenever ¢(X,) <«
for each o < A. Likewise ¢ < « is said to be a multiplica-
tive property if we have ¢(][,_, Xo) < k whenever A is
any cardinal and ¢(Xy) < k for each o < A. It is easy to see
that w < « is x multiplicative.

While compactness is multiplicative, the Lindelof prop-
erty is not multiplicative. The Sorgenfrey line S is Lin-
deldf, but the square S x S contains a closed discrete subset
{(p, —p): p € S} of cardinality 2, which implies that S x S
is not Lindelof.

Next we consider density. For example, separability is
¢ (= 2“) multiplicative but not ¢* multiplicative. More
generally, d < k is 2 multiplicative (see [E, 2.3.15]), but
not (2¢)* multiplicative because of the inequality w(X) <
expd(X).

Surprisingly, the multiplicativity of cellularity depends on
your set theory. It is known that a product has the countable
chain condition if and only if any finite subproduct has the
countable chain condition. So the point is whether cellular-
ity is finitely multiplicative or not. Under Martin’s Axiom
(more precisely MA(R1)), any Tyhonoff product of spaces
with the countable chain condition has the countable chain
condition (see [Ku, Chapter 2, 2.24]). On the other hand, as-
sume the negation of the Souslin hypothesis, i.c., there is a
Souslin tree, which is an w;-free with no uncountable an-
tichains and no uncountable branches. For example, if we

assume ¢, then there is such a tree. The set theoretical ax-
iom ¢ holds under the assumption V = L (i.e., every set
is constructible). The negation of the Souslin hypothesis is
equivalent to the existence of a Souslin line L, that is a non-
separable linearly ordered topological space with the count-
able chain condition. The square L x L of a Souslin line does
not satisfies the countable chain condition (see [Ku, Chapter
2, 4.3]). For more results on chain conditions, see [6].

(4) compactifications: For any compactification Y of X,
we have |Y| < expexpd(X) and w(Y) < expd(X). For ex-
ample, let D(x) be the infinite discrete space of cardinal-
ity k, and BD(x) be the Cech-Stone compactification of
D(x). Then |BD(x)| = expexpk and w(B8D(x)) = expk
(see [E, 3.5, 3.6]).

(5) function spaces (see [5, Chapter 4], [1]): We men-
tion here only some typical results. All spaces here are as-
sumed to be completely regular 77-spaces. Let C (X, Y) (re-
spectively C, (X, Y)) be the space of continuous functions
from X to Y with the compact-open topology (respectively
the topology of pointwise convergence). Cy (X, R) (respec-
tively C, (X, R)) is sometimes denoted by Cy(X) (respec-
tively C, (X)), while C,(X) is the space of continuous real
functions on X with the topology of uniform convergence.
Then | X| = x(Cp(X)) = w(Cp (X)) for any space X with
|X| > w, and

nw(Cp(X,Y)) <nw(Ce(X,Y)) <w(X) - w(y).

There are beautiful relations between tightness and Lindelof
number as follows: For any space X and any n € N, we have
t(X") < L(Cp(X)) forany n € N. Furthermore 1 (Cp (X)) <«
if and only if L(X") < « for any n € N. A kind of duality
between hereditary density and hereditary Lindeliof degree
holds:

sup{hd(X"):n e N} =sup{hL((Cp(X))"): n € N},
and
sup{hL(X"):n € N} =sup{hd((Cp(X))"): n € N}.

We have already mentioned the relations between cardi-
nal functions for metrizable spaces and for compact spaces.
Now we consider the relations between cardinal functions
for other classes of spaces.

(1) LOTS: For any linearly ordered topological space
(LOTS) X, we have x(X) = ¥(X) < ¢(X) < d(X) <
w(X) =nw(X) <|X| (see [E, 3.12.4]).

(2) Topological groups (see [KV, Chapter 24, §3]): For
a topological group G, x(G) = w holds if and only if G
is metrizable. For a topological group G, we have w(G) =
d(G) - x(G). For every compact infinite topological group
G with w(G) =k, we have |G| =expk, d(G) =logk, and
c(G)=w.

(3) Dyadic spaces (see [E, 3.12.12], [KV, Chapter 24,
§1]): A compact space X is called a dyadic space if it is
a continuous image of the Cantor cube D* for some infi-
nite x, where D = {0, 1} with the discrete topology. 1t is
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known that compact topological groups are dyadic. For any
dyadic space X, we have c(X) = w and surprisingly, we have
w(X) = x(X) =1(X).
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Here in Cardinal functions II, several topics on cardinal
Jfunctions are introduced. Some of them are rather set the-
oretical, where set theoretical notions, for example, CH (the
Continuum Hypothesis), MA (Martin’s Axiom), large car-
dinals, the forcing method, V = L etc, play important roles.
However we do not assume that readers are familiar with
such notions. The set theoretical background can be found
in [Ku] and [7].

1. m-weight, 7-character

(See [KV, Chapter 1] and [1].) The cardinal function
m-weight is interesting not only from the topological point
of view, but also from the Boolean algebraic point of view.
A family U/ of non-empty open sets of a space X is called
a m-base if for any non-empty open set V of X, there is
U € U with V C U. Define the 7-weight 7 w(X) of X by

mw(X) =min{|U|: U is a -base for X} + w.

In terms of the theory of Boolean algebras, 7w -weight is “the
density” (in the sense of Boolean algebras) of the Boolean
algebra RO (X) of all regular open sets of X. In such a way,
results on topologies can be translated to results on Boolean
algebras and vice versa (see [11, 12]).

A family U of non-empty open sets of X is called a local
m-base of x in X if for every neighbourhood V of x, there
is U € U with U C V. Note that elements of a local w-base
of x need not contain x.

The m-character  x (x, X) of x in X is defined by

7 x(x, X) :min{|2/l|: U is alocal w-base of x in X} + w.

Furthermore the m-character m x(X) of X is defined by
mx(X) =sup{mx(x, X): x € X}.

We have d(X) < mw(X) < w(X) for any topological
space X.

Unlike weight and character, w-weight and m-char-
acter are not monotone. For example, while mw(Bw) =
T x(Bw) = w, we have tw(fw — w) 2 7x(fw — w) >
cf(¢c) > w, where Bw is the Cech-Stone compactification
of the countable discrete space » and cf(c) is the cofinality
of the cardinal ¢ (see [KV, Chapter 11, 4.4.3]).

For any topological group G, we have tw(G) = w(G)
and 7 x (G) = x(G) see [KV, Chapter 24, §3]).

2. Tightness

The tightness ¢ (X) of a space X is defined as follows: For
any x € X, define f(x, X) = min{x: ¥ > w, for any set A C

X with x € cl A, there is a subset B of A with |B| < « and
x € cl B}, and define # (X) = sup{r(x, X): x € X}. Let « be
an ordinal. A sequence of points of a space X is called a free
sequence of length o in X if for each B < o (cl{x,: y <
BY) N (cl{xy: y = B}) = 0. Define F(X) = sup{x: « is a
cardinal and there is a free sequence of length « in X} + w.

Arkhangel’skii proved that # (X) = F(X) < s(X) for any
compact space X, and Shapirovskii proved that 7(X) =
hm x (X) for any compact space X (see [KV, Chapter 1, §7]
and [1]).

Now we consider the tightness of products of spaces.
Tightness behaves well for compact spaces. Indeed, if
{X;:i < n}is a finite family of compact spaces with 7 (X;) <
k foreachi <n, then t([],_, Xi) <«.

But in general, tightness behaves quite badly. For ex-
ample, let S(k) be the sequential fan with « spines. It
is easy to check that S(«x) has countable tightness. Indeed
it has a stronger property called Fréchet. A space X is a
Fréchet space if for any x € X and A C X with x € cl A,
there is a sequence {x,: n € N} converging to x. However
t(S(w) x §(2%)) is uncountable. It is known that

t(S(a)) X S(a)l)) =w]

if and only if the set theoretical assumption b = w; holds.
Thus #(S(w) x S(w1)) depends on your set theory. In gen-
eral, it is difficult to decide the tightness of finite products of
sequential fans (cf. [4]).

3. Hereditary Lindelof degree vs. hereditary density

For a cardinal function ¢, we define the corresponding
hereditary cardinal function ¢ by

he = sup{<p(Y): Y C X}.

For example, we have hereditary Lindelof degree /2L and
hereditary density /d. It is natural to ask whether 2L = hd
or not. This is not true in general. Indeed, there are spaces
X and Y satisfying w < hL(X) < hd(X) and w < hd(Y) <
hL(Y) (see [14, 0.5]).

The problem of when AL or hd is countable is called the
S and L problem and it has turned out to be quite difficult
(see [KV, Chapter 7], [13]).

An S-space is a regular T| hereditarily separable space
which is not Lindelof (or, not hereditarily Lindeldf). An
L-space is a regular 77 hereditarily Lindelof space which
is not separable (or, not hereditarily separable). Note that,
for example, the existence of a regular 77 hereditarily sepa-
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rable space which is not hereditarily Lindelof is equivalent
to the existence of a regular 7 hereditarily separable space
which is not Lindelof.

A space X is called right separated (respectively left
separated) if there is a well ordering < of X such that
{y € X: y < x} is open (respectively closed) for any x € X.

A linearly ordered topological space X is called a
Souslin line if it has the countable chain condition (ccc),
ie., c¢(X) < w, but it is not separable. It is known that
c(X) = he(X) = hL(X) for any linearly ordered topolo-
gical space. Hence every Souslin line is an L-space. It is
known that the Souslin hypothesis (= the hypothesis that
there are no Souslin trees) is equivalent to the hypothesis
that there are no linearly ordered L-spaces. Under the ex-
istence of the Souslin line, Rudin constructed an S-space.
Hajnal and Juhdsz constructed an L-space under CH (the
Continuum Hypothesis) (see [KV, Chapter 7]).

Todorcevi¢ proved that under PFA (the Proper Forcing
Axiom), there are no S-spaces. In other words, every regu-
lar T hereditarily separable space is Lindeldf. It is still un-
known whether “there are no L-spaces” is consistent (i.e.,
cannot be disproved by our usual axioms of ZFC) or not. It
had been believed for a long time that the S-space problem
and the L-space problem are the same problem, i.e., if there
is an S-space in some model of set theory, then there is an
L-space in the same model and vice versa. But this is not
true. Indeed, Todorcevi¢ showed that there is a model of set
theory with Martin’s Axiom where there is an L-space but
there are no S-spaces (see [14]).

Martin’s Axiom and “the S and L problem” can be re-
garded as a kind of partition problem (see [14], [2]). A basic
form of a partition problem is the following Ramsey’s theo-
rem: If there are six people, then either three of them mutu-
ally know each other or three of them mutually do not know
each other.

For any set X, define [X]* = {{a,b}: a,b € X, a # b}.
Let 6 = {0, 1,2,3,4,5}. The following is a mathematical
expression of Ramsey’s theorem above: For any partition
Ko U K| C [6]?, there is a subset A of 6 with cardinality 3
such that either [A]2 C Ko or [A]? C K. Itis interesting to
see that such a way of thinking is essential to our set theory
and topology (for the theory of partition relations, see [5], or
Appendix 4 in [8]).

4. Reflection theorems

(See [6] and [3].) Generally speaking, a reflection theorem
is a theorem of the form “if a set (or a space) X has a prop-
erty P, then there is a subset (or a subspace) Y of a small size
(in some sense) satisfying P”. Reflection principle plays an
important key role in set theory.

In topology, Hajnal-Juhdsz proved the following beauti-
ful reflection theorem: If X does not have a countable base,
then there is a subspace of X of cardinality < w; which does
not have a countable base. To state a more general result due
to them, we need a definition. Let ¢ be a cardinal function

and C a class of spaces. Then ¢ is said to reflect a cardi-
nal « if whenever ¢(X) > k, we have Y C X with |Y| <«
and ¢(Y) > k. For a class C of spaces, ¢ reflects a cardinal «
for C if whenever X € C and ¢(X) > k, we have Y C X with
|Y| < k and ¢(Y) > k. By using this definition, we can re-
state Hajnal-Juhdsz’s result as follows: weight w reflects ;.
Furthermore they showed that weight w reflects any infinite
cardinal.

Cardinal functions cellularity c, extent e, spread s, hered-
itary density hd and hereditary Lindelof degree kL reflects
all infinite cardinals. Density d reflects every regular car-
dinal but need not reflect a singular cardinal for the class of
T1-spaces. For the class of compact Hausdorff spaces, tight-
ness ¢ and character x reflects any infinite cardinal.

The main technique to show reflection theorems is a
closing-off argument (in other words, a method by using ele-
mentary submodels) mentioned in Cardinal functions, Part I.

5. sup = max problem

Recall that the cellularity c¢(X) is defined by c(X) =
min{x: k > w, every family of pairwise disjoint nonempty
open sets of X has cardinality < «}. In other words, c(X) =
sup{x: there is a pairwise disjoint family of cardinality «
consisting of open sets of X} + w. A natural question arises:
Can the “supremum” in this definition be replaced by the
“maximum”? In other words, if ¢(X) = k, then does a pair-
wise disjoint family of open sets of cardinality « really exist?
Such kind of problems are called “sup = max problems”.
Note that such a question is not trivial only when « is a limit
cardinal (i.e., a singular cardinal or a regular limit cardinal).
Erdos—Tarski proved that if ¢(X) = « for a singular cardi-
nal «, then X has a pairwise disjoint family of cardinality
k consisting of nonempty open sets. For other results on
sup = max problems, see [KV, Chapter 1, §12], [9, Chap-
ter 4].

6. The number of open sets, compact sets, etc

Let o(X) be the number of open sets of X, C(X) the fam-
ily of all contfinuous real valued functions, and RO (X)
the family of all regular open sets of X. Here a subset
U of X is called a regular open set if U = intclU. It is
known that |C(X)|* = |C(X)[, and |[RO(X)|* = |RO(X)]
for any infinite Hausdorff space (see [KV, Chapter 1, §10]).
It is natural to ask whether o(X)® = o(X) or not. For a
metrizable space X, it can be shown that o(X) = 2w(X)
hence this equality holds. In 1986, Shelah proved that if
X is an infinite compact T»>-space, then o(X)® = o(X)
(see [10]).

Let K(X) be the family of all compact subsets of a
space X. For a T>-space X, we have |K(X)| < 2hLX) and
|K (X)| < 2¢X)¥ X (see [KV, Chapter 1, §9]).
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a-5 Convergence

A sequence in X is a map from the set N of natural numbers
to X. A sequence s : N — X will often be identified with its
image {s(n): n € N}, and we will use a shorter notation (s;)
to refer to sequences. A sequence (f,) is a subsequence of
a sequence (s,) if there exists an increasing map k:N — N
such that #, = si(,) for all n. A sequence (x,) of points of
a topological space is a convergent sequence with limit x,
if for every neighbourhood W of x there exists a natural
number nw such that x;,, € W for each n > ny . Convergence
of sequences in a topological space X satisfies the following
three conditions:

(S1) if a sequence (x,) converges to x then every subse-
quence of (x,) also converges to x,

(S82) if x, = x for each n then (x,) converges to x,

(S3) if a sequence (x,) does not converge to x then there
exists a subsequence (y,) of (x,) such that no subse-
quence of (y,) converges to x.

Convergence of sequences can be introduced axiomati-
cally. In [7] M. Fréchet defined an L-space as a set X and a
relation “(x,) converges to x” (in symbols, x = lim,, x,,) be-
tween sequences (x,) of elements of X and elements x of X
satisfying conditions (S1), (S2) and the following condition

(S0) a sequence (x,) cannot converge to two different
points.

An L*-space is an L-space that fulfills (S3), the additional
axiom of P. Alexandroff and P. Urysohn [2]. An S*-space is
an L*-space satisfying the following diagonal condition:

(S4) x = lim, x, and x, = limy x,, x for every n implies
that there exist an increasing sequence (n,,) of natural
numbers and a sequence (k;,) of natural numbers with
x =limy,; xp,, &, -

A subset S of an L-space is closed whenever the limit of
every convergent sequence of points of S belongs to S; a set
is open if it is the complement of a closed set. The collection
of open subsets of an L-space is a (not necessarily Haus-
dorff) topology. Conversely, the convergent sequences in a
Hausdorff topological space X constitute an L£*-space gen-
erated by X. A subset S of a topological space X is sequen-
tially closed (respectively, sequentially open) if it is closed
(respectively, open) with respect to the L£*-space generated
by X. A topological space is called sequential if every se-
quentially open set is open. A topological space is a Fréchet
space or a Fréchet-Urysohn space if x € cl A (where cl A
denotes the closure of a subset A) implies the existence of
a sequence of points from A that converges to x. The con-
vergent sequences of a Hausdorff Fréchet topology consti-
tute an S*-space; conversely, each S*-space determines a
Fréchet (not necessarily a Hausdorff) topology.

The concept of net, introduced by E.H. Moore and
H.L. Smith in [15], is an extension of that of sequence.
A partially ordered set (D, <) is said to be directed if for
every «, B € D there exits § € D such that ¢ < é and 8 < 6.
If (D, <) is a directed set, then a map : D — X is called
anet on X. Every sequence can be identified with a net de-
fined on (N, <), the set of natural numbers directed by the
natural order. A net is constant if the corresponding map is
constant. A net s : E — X is a subnet of #: D — X if there
exists a map f:E — D such that s =1 o f and for every
8 € D there is ¢ € E with f(e) > 4. If X is a topological
space, then anet: D — X converges to x € X (in symbols,
x €limt¢ =1lims 7 (§)) provided that for every neighbourhood
W of x there is §w € D such that t (o) € W foreach @ > §w.
A sequence (x,) in a topological space converges to x if and
only if the net #:N — X defined by #(n) = x, converges
to x.

Let (D, <p) and (Es, <s) foreach § € D be directed sets.
For (8, ¢), (8, ¢") € D x [[5cp Es define (d, ) < (d', ¢') if
and only if d <p d’ and ¢(8) <5 ¢'(8) for each § € D. Then
(D x ]_[5€D Es, <) is a directed set. If f5: Es — X is a net
for each 6 € D, then the map

A{fg:SGD}:Dan(g—)X
seD

defined by A{fs: 6 € D}(d, ¢) = fa(¢(d)) is anet called the
diagonal net of the family { fs: 6 € D}.

Convergence of nets in a topological space is often called
Moore-Smith convergence and has the following proper-
ties (N1)—(N4) similar to properties (S1)—(S4), respectively:

(N1) if a net converges to x, then every subnet converges to
X,

(N2) every constant net converges to its constant value,

(N3) if x ¢ limt then there exists a subnet s of 7 such that
x ¢ limr for each subnet r of s, and

(N4) if x elim? and 7(§) € lim f;5 for each § € D, then x €
lim A{fs: § € D}.

A non-empty family F of subsets of a set X is called a
filter on X if: (i) F € F and F C G C X implies G € F,
(i) Fop N F1 € F provided that Fy, F1 € F, and (iii) ¥ ¢ F.
The family NV (x) of neighbourhoods of x is a filter for each
point x of a topological space: its neighbourhood filter.
A family C of non-empty sets is a centered family pro-
vided that Cy, C; € C implies the existence of C3 € C with
C3 C C1NCy. If C is a centered family of subsets of X, then
F={FCX:3C eC, CC F}is afilter on X generated
by C (and we say that C generates F ). A centered subfamily
B of a filter F is a filter base provided that I3 generates F.
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For every sequence (x,) of elements of a set X, the family
{{xx: k > n}: n € N} is centered, and thus generates a filter on
X called the filter generated by the sequence (x,). Maxi-
mal filters (with respect to the set inclusion) are called ultra-
filters. For a subset A C X, the filter A = {B C X: A C B}
is called the principal filter of A. A free filter is a filter with
empty intersection.

If X is a set, then we use F(X) to denote the set of all
filterson X.If @ :Y — F(X) is amap and F € F(Y), then

o(F)=J et eFX)

FeF yeF

is the sum or contour of @ over F; in other words, A €
@ (F) whenever there exists F € F such that A € @ (y) for
every y € F.

A subset & of F(X) x X is called a filter convergence (or a
convergence structure) on a set X provided that (F,x) € &
and F C G imply (G, x) € £ and (x, x) € £ for every x € X,
where x stands for the principal filter of {x}. If (F,x) € &,
then we say that 7 converges to x (x is a limit of F ) with re-
spect to &. We often write x € limg F instead of (F, x) € €,
and when £ has been fixed, simply x € lim F. In other words,
lim represents a filter convergence on X if it satisfies

(F1) if F,GeF(X), F CGand x € limF, then x € limg,
and
(F2) x € limx for every x € X.

(The original definition of convergence structure in [13] by
H.-J. Kowalsky included also the condition lim(Fy N F7) D
lim Fo N lim F; for each filters F(p and F;.) By a conver-
gence space we understand a set and a filter convergence on
that set. A filter convergence is a Hausdorff convergence if
lim F is at most a singleton for every filter . We say F is a
convergent filter if lim 7 # (. The set lim F is often called
the limit set of F.

Every L-space determines a filter convergence as follows:
x € lim F if and only if there exists a sequence (x,) that con-
verges to x such that F contains the filter generated by (x,).
Filter convergences determined by L-spaces are Hausdorff
(due to the condition (S0)).

Let X be a topological space. A filter 7 on X converges
to a point x € X if every neighbourhood of x belongs to F.
This special filter convergence satisfies (F1), (F2) and also

(F3) N{imF: F € F} C lim({F: F € F} for every F C
F(X), and

(F4) limF C lim @ (F) for every F € F(X) and each map
@ : X — F(X) such that x € lim @ (x) forevery x € X.

For a topological space X, convergence of nets and filter
convergence are equivalent. Indeed, if (D, <) is a directed
set and s: D — X is a net, then the family {Bs: § € D},
where Bs = {s(«): « € D, « > 8}, is centered, and thus gen-
erates a filter 7 on X. The net s converges to x € X if and
only if the filter 7 converges to x. Conversely, if F is a filter
on X, then the set

D={(x,F:xeF}CXxF

partially ordered by (xo, Fo) < (x1, F1) whenever Fy D Fi,
is a directed set. The map s : D — X defined by s(x, F) =x
is a net that converges to some element x’ € X if and only
if the filter F converges to x'. If the filter corresponding to
a net is an ultrafilter then the net itself is often called an
ultranet or a universal net.

If 7 is a topology on X, then C7 denotes the filter conver-
gence for which x € limc7 F if and only if O € F for every
O € T such that x € O. Conversely, every filter conver-
gence & defines a topology O by declaring O € Og when-
ever limg F N O # § implies that O € F. A filter conver-
gence £ is said to be topological (or simply, a topology) if
& = CO¢. A convergence is topological if and only if it ful-
fills (F1) through (F4). A filter convergence is: (i) a pseudo-
topology if x € lim F provided that x € limY/ for every ul-
trafilter 4 O F, (ii) a paratopology if x ¢ lim F implies the
existence of a filter H with a countable filter base such that
F N H # (@ whenever F € F and H € H, and x ¢ lim( for
every G D 'H, (iii) a pretopology, or a Moore closure space,
if (F3) holds, and (iv) diagonal if it fulfills (F4). Hence a
filter convergence is a topology if and only if it is a diagonal
pretopology. The notion of pretopology is due to F. Haus-
dorff [11], while that of pseudotopology to G. Choquet [3].

Properties of convergent filters correspond to some prop-
erties of convergent nets, namely (N1) amounts to (F1),
while (N2) is equivalent to (F2). The diagonal condition
(N4) is equivalent to the conjunction of (F3) and (F4). Fi-
nally, (N3) is equivalent to being a pseudotopology and is
implied by (N4).

Given a filter convergence £ on a set X, a subset A of X is
&-compact if for every filter H such that A € H there exists a
filter G O F such thatlimg GNA # . If X is £-compact then
we call £ a compact convergence and if every £-convergent
filter contains a £-compact set then £ is a locally compact
convergence. A convergence is sequential (respectively, of
countable character) if x € lim F implies the existence of
a filter £ generated by a sequence (respectively, having a
countable filter base) such that £ C F and x € lim €.

If f:X — Y and F is a filter on X, then f(F) denotes
the filter on Y generated by {f(F): F € F}.If X and Y are
convergence spaces, then a map f:X — Y is continuous
if f(limF) C lim f(F) for every filter 7 on X. A filter
convergence & is finer than a filter convergence 7, and 7 is
coarser than £ (in symbols, £ > 1), if the identity map from
& to 7 is continuous. The set of filter convergences on a fixed
set, ordered by >, is a complete lattice (every subset has the
least upper bound and the greatest lower bound). If X and ¥
are sets and f : X — Y is a map, then for every filter conver-
gence on X, there exists the finest filter convergence on Y
for which f is continuous (final convergence); as well, for
each filter convergence on Y, there exists the coarsest filter
convergence on X for which f is continuous (initial con-
vergence). The notions of product, final convergence or quo-
tient, subconvergence and so on, are natural consequences of
the definitions above.

From the point of view of Category Theory, filter con-
vergences with continuous maps as morphisms form a cat-
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egory [1]. A subcategory F of convergences is (concretely)
reflective if the least upper bounds of sets of convergences
from F, and the initial convergences of convergences from F
remain in F, and is (concretely) coreflective if the greatest
lower bounds of sets of convergences from F, and the final
convergences of convergences from F remain in F. If F is
a reflective (coreflective) subcategory of convergences, then
for every convergence ¢ there exists the finest among the
convergences & in F such that & < ¢ (respectively, the coars-
est among the convergences & in F such that ¢ < &). Topolo-
gies, pretopologies, paratopologies and pseudotopologies
with continuous maps as morphisms form reflective subcat-
egories of convergences. In particular, for any convergence
¢ we can define T¢, P¢, P,¢ and S¢ to be respectively the
finest topology, pretopology, paratopology and pseudotopol-
ogy coarser than ¢. The covariant functors T, P, P, and
S are reflectors. Sequential convergences, convergences of
countable character and locally compact convergences with
continuous maps as morphisms form coreflective subcate-
gories of convergences. In particular, for any convergence ¢
we can define Seq ¢, First¢ and K¢ to be the coarsest con-
vergence among sequential convergences, convergences of
countable character and locally compact convergences, re-
spectively, that is finer than ¢. The functors Seq, First and K
are coreflectors.

Many classical types of topologies can be characterized
in terms of various reflectors and coreflectors in the category
of convergences. For example [5], a topological space (X, t)
is: bisequential if and only if T > S Firstt, strongly Fréchet
if and only if v > P, Firstt, Fréchet~-Urysohn if and only
if T > P Firstt, sequential if and only if t > T Firstt, lo-
cally compact if and only if t > SKt (= K1), countably
k’-space if and only if t > P,Kt, k’-space if and only if
T > PKt,and k-space if and only if t > T K.

For each convergence & on X and each convergence t on
Z there exists the coarsest convergence [£, 7] among all con-
vergences on the set C (&, t) of continuous maps from & to t
for which the canonical evaluationmape: X x C(§, 1) — Z,
defined by e(x, f) = f(x) for (x, f) € X x C(§, 1), is con-
tinuous. (The convergence [&, 7] on C(&, t) is called the
continuous convergence induced by & and t.) In other
words, the category of convergences is Cartesian closed.
The category of pseudotopologies is also Cartesian closed,
but those of topologies, pretopologies and paratopologies are
not.

In the special case of sequences, continuous convergence
was introduced by H. Hahn in [9]: A sequence ( f,;) of maps
converges to a map f if x = lim,, x,, for every x and each se-
quence (x,) implies that f(x) =lim f, (x,). Another partic-
ular case of continuous convergence is that of hyperconver-
gence or upper Kuratowski convergence on the set of closed
subsets (hyperspace) of a topological space [14, 10]. A sub-
set A of a topological space X is closed if and only if the
map fa:X — {0,1} defined by fa(x) =0 if x € A and
fa(x)=11if x ¢ A is continuous with respect to the Sier-
pinski topology $ = {#, {1}, {0, 1}} on {0, 1}. Therefore, if
& is a topology on X, then C (&, $) can be identified with the

collection of all £-closed sets. If £ is a convergence, then
continuous convergence [£, $] on C(&, $) is called the up-
per Kuratowski convergence with respect to £. The lower
Kuratowski convergence V(&) on C (&, $) induced by £ is
defined as follows: a filter F on C(&, $) converges to A pro-
vided that for every x € A there exists a filter G converging to
x such that for every G € G thereis F € F with ANG #
whenever A € F. If 7 is a topology, then B € lim, ¢; F if
and only if

N c1T<AL€JFA> C B.

FeF

If 7 is aregular topology, then [, $] is a topology if and only
if T is locally compact. If 1 is a topology, then the lower Ku-
ratowski convergence V™ (7) is a topology called the lower
Vietoris topology. One has B € limy- ) F whenever for
every t-open set O that intersects B, there exists F' € F
such that O N A # @ for every A € F. The Kuratowski con-
vergence on the set of closed subsets of a topology 7 is the
supremum of the upper Kuratowski convergence [z, $] and
the lower Kuratowski convergence V™ (7).

If (Y, <) is a complete lattice, then the lower convergence
y € lim_ F and the upper convergence y € lim; 7 on Y
are defined by

y<sup{inf F: FeF} and y>inf{supF: F eF}

respectively, where sup A and inf A stand for the least upper
bound and the greatest lower bound of a set A C Y. The up-
per Kuratowski convergence on the set of all closed subsets
of a topological space X coincides with the upper conver-
gence on the lattice of closed subsets of X; the lower con-
vergence on the lattice of open subsets of X is called the
Scott convergence and thus is homeomorphic with the up-
per Kuratowski convergence.

A convergence £ on X is called a regular convergence if
the following is satisfied: if F converges to x with respect to
&, then the filter generated by {adhs F: F' € F}, where

adhg F = U{limg H: Fe HeF(X)},

also converges to x with respect to £. Unlike in the case
of topologies, a compact Hausdorff convergence need not
be even regular (for example, the Kuratowski convergence
with respect of a Hausdorff topology). On the other hand,
every compact Hausdorff regular pseudotopology is a topo-
logy [8].
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Section A:  Generalities

a-6 Several Topologies on One Set

If X is a set then the smallest topology on X is the indiscrete
topology {¢, X}, and the largest topology on X is the family
P(X) of all subsets of X (sometimes called the power set
of X). This largest topology on X is called the discrete topo-
logy on X.If t; and 7, are topologies on X then 7 is smaller
than 72, and 12 is larger than 7y, if and only if 71 C 12 as
subsets of P(X). In other words, 7 is smaller than 7> if and
only if each 71-open subset of X is 12-open. In this case, it
is often said that 7| is coarser than 7, and that 1, is finer
than 71. [A word of warning is in order. Unfortunately, there
is some confusion in the literature, and the situation defined
immediately above is described by both of the statements
“r1 is stronger than 17" and “1; is weaker than 1p”.] If 71
and 1, are arbitrary topologies on the same set X, it may
happen that t; is neither smaller nor larger than 2, in which
case 171 and 17 are not comparable. Probably the most com-
mon method used to show that two topologies t; and 12 on
the same set X are equal is a double comparison, namely
71 C 72 and 72 C 71. Such arguments are ubiquitous across
General Topology.

If X is a set and 71 and 7, are topologies on X, then
the triple (X, t1, 12) is defined to be a bitopological space.
It seems that this term was first used by Kelly [6] in his
classical paper on the topic. Bitopological spaces can be
given a categorical treatment. The category Bitop has objects
which are bitopological spaces and morphisms which are
pairwise continuous functions. A function f: (X, 11, 12) =
(Y, 01, 02) is defined to be pairwise continuous (or bicon-
tinuous) if each of the functions between topological spaces
f:(X,71) > (Y,01) and f: (X, 2) — (Y, 02) is continu-
ous. Briimmer [1] and Salbany [13] are two of the major con-
tributors to such a treatment. If the topological space (X, 1)
is identified with the bitopological space (X, t, 7), then it is
clear that the category Top is a subcategory of Bitop.

Bitopological spaces arise naturally whenever one con-
siders a non-symmetrical topological structure. This is be-
cause the original structure and its conjugate each generate
(usually different) topologies on the underlying set. Exam-
ples are quasi-metrics, quasi-proximities, quasi-topological
groups and quasi-uniformities. A binary relation £ on
P(X) is a quasi-proximity on X if the following axioms
are satisfied:

(1) A& (BUC)ifandonlyif A& Bor A& C,
(AUB)& Cifandonlyif A§ C or B& C;

(2) A& B implies A and B are non-empty;

(3) A # B implies there exists an E C X suchthat A # E
and (X — E) # B;

(4) AN B # ¢ implies A &1 B.

If in addition &; satisfies

(5) A& Bimplies B A

then & is a proximity on X. If £ is a quasi-proximity on X,
its conjugate &; is defined in the usual way

A& B ifandonlyif B§ A.

Let t; = t(&;), i = 1,2, denote the corresponding topolo-
gies on X induced by the quasi-proximities & by means
of Kuratowski closure operators 7, cl A = {x € X: {x}& A}.
Then (X, 11, 12) is a quasi-proximizable bitopological space.

A group (G, -) endowed with a topology t is a quasi-
topological group if the group operation (x,y) — x - y is
continuous in both variables jointly. If (G, t) is a quasi-
topological group, then so is (G, t’), where T/ = {U | U~ ! €
7} is called the conjugate topology of t. Furthermore, the
map x — x~ 1 is a homeomorphism of (G, t) onto (G, 7’),
and the relationship between 7 and t’ is symmetrical.

There is a well-developed theory of separation properties
for bitopological spaces. Some authors distinguish between
weak and strong versions of most of these properties. For ex-
ample, the bitopological Hausdorff property may be defined
as follows: (X, 11, 72) is strong (weak) pairwise Hausdorff
if for each pair of distinct points x and y in X there are dis-
jointopensets U € 1y and V e ;o such that x e U, y e V
[(U contains one point and V contains the other point)].
Weston [17] first defined this notion in its strong form and
used the term “consistent space”. Kelly [6] first used the
term pairwise Hausdorff. Fletcher Hoyle and Patty [4] de-
fined (X, 71, 12) to be strong pairwise 7y if for each pair of
distinct points x, y in X there is either a t; open set U such
that x e U and y ¢ U or a 1 open set V such that y e V
and x ¢ V. The weak version of this property is defined as
follows: (X, 11, 72) is weak pairwise 7Ty if for each pair of
distinct points of X there is a set which is either 71 open
or Ty open containing one of the points but not the other.
Similarly, (X, 71, 72) is defined to be strong (weak) pair-
wise T if for each pair of distinct points x and y in X there
are open sets U € 11 and V € 1o such that x e U, y ¢ U
andyeV,x ¢V (either[xeU,y¢U,yeVand x ¢ V]
or[yeU,x ¢ U, x eV and y ¢ V]). In the bitopological
space (X, 71, 12), Kelly [6] defined 7 to be regular with re-
spect to 72 if for each point x in X and each 7| closed set
P such that x ¢ P there is a 71 open set U and a 1 open
set V disjoint from U such that x € U and P C V. Then
(X, 71, 72) is strong (weak) pairwise regular if 7| is regu-
lar with respect to 2 and (or) 7 is regular with respect to 7.
In (X, 71, 72), 71 is defined to be completely regular with
respect to 17 if for each 71 closed set C and each point x ¢ C
there is a real valued function f on X into [0, 1] such that
f(x)=0, f(C) =1, and f is 11 upper semi-continuous
and 1, lower semi-continuous. Furthermore, (X, 71, 1p) is
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strong (weak) pairwise completely regular if 7; is com-
pletely regular with respect to 72 and (or) 72 is completely
regular with respect to t1. Bitopological normality was de-
fined by Kelly [6] as follows: (X, t1, 72) is pairwise normal
if for each 7 closed set A and 17 closed set B disjoint from
A there is a 71 open set V containing B and a 1 open set
U disjoint from V containing A. Consider the bitopologi-
cal space (R,U, L) where R is the set of real numbers and
U and L are the upper and lower topologies on R, namely
U={p,R, (a,00):aeR}and L={p,R, (—00,a):a € R}.
Then (R,U, L) is pairwise normal, and satisfies the weak
version of each of the other separation properties, but does
not satisfy the strong form. By adding the appropriate form
of the pairwise 77 property to the higher separation proper-
ties, one obtains two hierarchies of bitopological separation
properties — a weak one and a strong one. Section 2 of Kop-
perman [8] is a thorough discussion of bitopological separa-
tion properties.

Bitopological covering properties have proved to be much
more intractable than the separation properties. Fletcher,
Hoyle and Patty [4] provided an early definition of bitopo-
logical compactness. A cover U of the bitopological space
(X, 71, 12) is defined to be pairwise open if I/ C 71 U 12 and
U contains at least one non-empty member of 71 and at least
one non-empty member of 7. If each pairwise open cover
of (X, 11, 1) has a finite subcover then the space (X, 71, 72)
is defined to be pairwise compact. Note that (R, U/, £) is
pairwise compact. Cooke and Reilly [2] considered alterna-
tive definitions and characterizations of bitopological com-
pactness. Salbany [13] has provided the most comprehen-
sive early discussion of this topic, based on the stronger de-
finition that (X, 71, r2) is pairwise compact if the topolo-
gical space (X, 1] V 12) is compact. Swart [16] also used
this form of compactness for bitopological spaces. Salbany
[13] has introduced the bitopological analogue of the Stone—
Cech compactification. A more recent development of these
ideas is given in Sections 3 and 6 of Kopperman [8].

If U is a quasi-uniformity on X then the family &/~ de-
fined by U~! = (V~1: V e U} is also a quasi-uniformity
on X, called the conjugate quasi-uniformity of /. The
bitopological space (X, 71, 72) is quasi-uniformizable if
there is a quasi-uniformity &/ on X such that 7y = v({/) and
7 = t(U™"). The topology t(U), generated on X by U, is
the family of all subsets P of X such that for each x € P
there is a V € U such that V[x] C P. Fletcher [3] and Lane
[9] proved that a bitopological space is quasi-uniformizable
if and only if it is pairwise completely regular. The corre-
sponding quasi-metrization problem — which bitopological
spaces are generated by a pair of conjugate quasi-metrics? —
has proved more difficult. This problem was first considered
by Kelly [6], and then by Lane [9], Patty [11] and Salbany
[14]. The solution of this problem is due to Fox [5], and is
presented as Theorem 1.1 of Kopperman [7], who has pro-
vided a full elaboration of the result and a discussion of its
topological, as well as its bitopological, significance.

It is not surprising that bitopological arguments are use-
ful in the consideration of the topological properties of non-

symmetrical structures. Typical results of this kind are pro-
vided by Raghavan and Reilly [12]. For example, every
quasi-metric space whose conjugate topology is sequen-
tially compact is metrizable, and every quasi-uniform space
whose conjugate topology is Ry and compact is uniformiz-
able. Bitopological views of certain aspects of topology are
provided by Salbany [15] and by Marin and Romaguera [10].
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a-7 Comparison of Topologies (Minimal and

Maximal Topologies)

1. Introduction

Inherent in the study of fopology is the notion of comparison
of two different topologies on the same underlying set. This
‘comparison’ is carried out by the natural ordering of set in-
clusion. Thus, the family of all topologies definable for an
infinite set X is a complete atomic and complemented lat-
tice (under set inclusion) which we denote by LT (X). If 7
and S are two topologies on X with S € 7, then § is said to
be weaker or coarser than 7 and 7 is said to be stronger
or finer than S. Given a fopological invariant P, a member
T of LT (X) is said to be minimal (maximal) P if and only
if 7 possesses property P but no weaker (stronger) member
of LT (X) possesses property P. P is said to be expansive
(contractive) if and only if for each P-member of LT (X),
every stronger (weaker) member of L7 (X) is also P.

2. Maximal topologies

The concept of minimal topologies was first introduced in
1939 by Parhomenko [12] when he showed that compact
Hausdorff spaces are minimal Hausdorff. In 1943, Hewitt
proved that compact Hausdorff spaces are maximal com-
pact also [7]. The converses were shown to be false but
nonetheless this pleasing disposition of compact Hausdorff
spaces motivated Larson’s study of complementary topo-
logical properties: an expansive property P and a con-
tractive property Q are called complementary when the
minimal P-members of LT (X) coincide with the maximal
Q-members.

In 1948, Ramanathan [15] proved that a fopological space
is maximal compact if and only if its compact subsets are
precisely the closed sets. Further, it can be shown that in
a compact space X, every compact subset is closed if and
only if every continuous bijection from a compact space
Y to X is a homeomorphism. This can be generalized to
the following: A topological space is maximal P if and
only if every continuous bijection from a P-space Y to
X is a homeomorphism. Other results concerning maximal
properties occurred sporadically since then. In 1963 Smythe
and Wilkins [17] constructed a maximal compact topology
which was strictly weaker than a minimal Hausdorff topo-
logy. In 1965, Levine proved that X x X is maximal com-
pact if and only if X is Hausdorff thus showing that max-
imal compact is not necessarily preserved by formation of
products. He also showed that the one-point compactifica-
tion of the rationals is non-Hausdorff maximal compact. In

1966, Thron proved that a first-countable Hausdorff count-
ably compact space is maximal countably compact and min-
imal first countable Hausdorff. The following year, Aull
proved a stronger result, namely that a countably compact
E1-space is maximal countably compact and minimal E;
(a topological space is Ej if each point is the countable
intersection of closed neighbourhoods). In [6], Cameron
discusses maximality with respect to the properties com-
pactness, countable compactness, sequential compactness,
Bolzano-Weierstrass compactness (every infinite set has
an accumulation point) and Lindeldf. For example, a topo-
logy is maximal countably compact, maximal sequentially
compact, maximal Lindelof if and only if the closed sub-
sets of the topology are respectively precisely the countably
compact subsets, the sequentially compact subsets and the
Lindeldf subsets. Maximal topologies with respect to order-
induced topological properties [1] (defined below in Sec-
tion 3) and connectedness [13] have also been determined.
For example, a topology is maximal connected if and only
if it is connected, submaximal, and for every regular open
set V (i.e., such that V =intV) and for all x € FrV there
is an open set C such that Fr C = {x} and there is a regu-
lar open neighbourhood N of x suchthat NNV NC =0
[8]. Note that V, intV and FrV denote the closure, inte-
rior and boundary of V, respectively, where FrV is given
by V \int V.

3. Minimal topologies

The study of minimal topological spaces has been much
more intense than that of maximal spaces. (See, for exam-
ple, [3,4, 11, 14, 16] and [18].) Properties whose minimality
has been investigated include normal, Urysohn, paracom-
pact, Tychonoff, regular, locally compact and low separa-
tion axioms, that is, those lying in logical strength between
Ty and Hausdorff. A brief survey of some minimality results
may be found in [11]. These include the following: a topolo-
gical space (X,7) is

e minimal Hausdorff if and only if it is Hausdorff and
every open filter base which has a unique cluster point
is convergent to this point,

e minimal 77 if and only if 7 is the cofinite topology C
(i.e., the topology consisting of all sets whose comple-
ments are finite, together with ) on X,

e minimal regular if and only if it is regular and every reg-
ular filter-base which has a unique cluster point is con-
vergent, where a regular filter-base is an open filter-
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base a which is equivalent to a closed filter-base g (i.e.,
a and B generate the same filter),

e minimal completely regular if and only if it is compact
and Hausdorff,

e minimal normal if and only if it is compact and Haus-
dorff,

e minimal Urysohn if and only if it is Urysohn and every
filter with a unique cluster point converges to this point,

e minimal (locally compact and Hausdorff) if and only if
it is compact and Hausdorff,

e minimal paracompact if and only if it is compact and
Hausdorff,

e minimal metric only if it is compact and Hausdorff,

e minimal completely normal if and only if it is compact
and Hausdorff,

e minimal completely Hausdorff if and only if it is com-
pact and Hausdorff,

e minimal 7j if and only if it is 7y, nested and generated
by the family {X \ {x}: x € X} U {#, X},

e minimal Tp if and only if it is Tp and nested,

e minimal 74 if and only if it is 74 and partially nested,

e minimal 7 if and only if either there exists x € X such
that 7 = C N Z(x) or there exists a non-empty proper
non-singleton subset Y of X such that 7 = D(Y).

We note some definitions for the above: (X, 7) is

(i) nested if and only if either G € H or H C G for all
G, HeT,

(ii) partially nested if and only if there exists a cofinite sub-
set A of X such that

e if F| and F> are each 7 -closed subsets of A, then
either F| C F, or F» C Fy,
e ye X\ Aimplies {y} = {y}UA,
e if A=/{r} forsomet,then | X\ A|=1;
(iii)) Tp if and only if for all x € X, m\ {x}is 7 -closed;

(iv) Ty if andonlyif forall x € X, either {x} is 7 -closed, or
T -open, or {x}\ {x} is a point-closure (i.e., the closure
of a singleton);

(v) T if and only if for all x € X, either {x} is 7 -closed
or {x} is the intersection of all 7 -open subsets of X
containing x;

i) ZY)={G C X: Y C G} U {@} where Y C X. When
Y = {y}, we simply write Z(y);

i) DY)={GCX:GCYand Y\ G isfinite,or Y C G
and X \ G is finite} U {#};
(viii) C is the cofinite (or minimum 77) member of LT (X).

Motivation for such an investigation is provided by realis-
ing that it is in seeking to identify those members of LT (X)
which minimally satisfy an invariant that we are, in a very
real sense, examining the topological essence of the invari-
ant. A closely allied question to that of minimality is whether
or not a given invariant P is a Katétov invariant: P is said
to be Katétov if and only if every P-member of LT (X) is
stronger than a minimal P-member of LT (X). Other re-
lated questions include whether or not minimal P is hered-
itary or productive. For example, it is known that a min-
imal Hausdorff subspace of a Hausdorff space is closed,

while a clopen subspace of a minimal Hausdorff space is
also minimal Hausdorff. Again, can an arbitrary P-space be
embedded in some minimal P-space? The approaches taken
in these investigations vary widely, leading to a great diver-
sity of characterisations. So, for example, while it is known
that the compact Hausdorff topologies are a precise identifi-
cation for minimal normal, minimal paracompact, minimal
Tychonoff and minimal locally compact, minimal Hausdorff
topologies are characterised by those Hausdorff topologies
in which every open filter with a unique cluster point con-
verges [5]. In particular, the description of many low separa-
tion axioms affords an alternative order-theoretic viewpoint
as many of these can be recast in terms of the associated
specialisation order on the underlying set. This order is
the natural partial order induced on X by any 7p-member
of LT(X):
XLy & xem, x,y € X.
Thus, invariants expressed solely in terms of point-closures
may be interpreted naturally in terms of the induced partial
order so offering a new insight into the problem of minimal-
ity. A partial order is immediately available which may be
readily exploited and also lends a welcome visual aspect to
the discussion. This was the approach taken by Andima and
Thron [1] in their study of order-induced topological proper-
ties; that is, a topological property P which has an associated
order property K such that a topology has property P if and
only if its specialisation order has property K. Thus, given
T € LT (X) and its associated specialisation order <, for
e P =Tj, K = ‘is a diverse partial order’, i.e., for all
distinctx,ye X, x L yand y € x;
e P =TF, K = ‘is a partial order such that all chains
consist of at most two elements’.
Thus we have an alternative order-theoretic minimality
description for such properties. For example, given 7 €
LT (X) and its associated specialisation order <,
e 7 is minimal T if and only if < is a chain and 7 is the
topology whose closed sets are generated by the family
{0, X,{yeX:y<x}xeX}
e 7 is minimal T if and only if < is a partial order such
that (i) all chains consist of at most two elements, (ii) if
x is maximal, then y < x for each non-maximal ele-
ment y € X, and (iii) 7 is the topology whose closed
sets are generated by the family {/, X,{y € X: y <
x}:x e X}

4. Low separation axioms

We conclude with a discussion of some techniques that have

been used to good and illuminating effect for this type of

topological invariant. Examples include Ty, 71, Tp, T4 and
sober. Given 7 € LT (X), 7 is said to be

e sober if and only if every non-empty 7 -closed irre-

ducible subset of X is the closure of a unique singleton.

A subset is 7 -closed irreducible if and only if it cannot
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be expressed as a union of two non-empty proper 7 -
closed subsets of X.
We observe that Tp is not an order-induced topological
property. Not surprisingly, these techniques require and ex-
ploit a knowledge of the members of the lattice LT (X).

Separation axioms within [Ty, T1]

Notable in the lattice structure are the (incomparable) to-
pologies comprising the anti-atoms, that is, the maximal
non-discrete topologies. These are called the ultratopolo-
gies because they derive from ultrafilters: specifically, given
an ultrafilter &/ on X, and x € X such that {x} ¢ U, with
E(x) =P(X \ {x}) U {X]}, the ultratopologies are precisely
of the form U/ U £(x). Thus, the nature of the ultratopology
is determined by that of the corresponding ultrafilter. Note
that P(Y) denotes the power set of Y, i.e., the family of all
subsets of Y. If I/ is a principal ultrafilter, that is, gener-
ated by a singleton {y} for some y # x, then the resulting
ultratopology has the form Z(y) U £(x) where Z(y) = {G C
X:y e G} U {#}} and is accordingly referred to as princi-
pal. It is worthwhile noting that each non-principal topology
is T while no principal ultratopology is. The significance
of this band of topologies is apparent as we describe a gen-
eral scheme due to McCartan and McCluskey [10] for estab-
lishing minimality with respect to a given property P. They
assume the existence of a minimal P-topology 7 and then
attempt to identify the critical features of such a structure
by intersecting with a suitably chosen principal ultratopol-
ogy. Principal ultratopologies, being ‘almost discrete’, are
very rich in topological structure and so, by such an inter-
section, there is a very good chance of the resulting strictly
weaker topology retaining the property P and thus provid-
ing the desired contradiction. This intersection has a subtle
effect on the 7 -closures of singletons (or points); a repre-
sentative point 7 -closure is increased by the addition of a
unique element, and this has an obvious ‘knock-on’ effect.
Formally, if A C X and 7* =7 N (Z(y) U £(x)), then the
T*-closure of A is described by

A*z{é’ o if)’¢1§,

AU{x}, ifyeA.

Thus if A is a singleton, then its 7 *-closure is either un-
changed (if y is not in its 7 -closure) or is increased by the
addition of {x}. The knock-on effect simply refers to the con-
sequent inclusion of all points in the 7 -closure of {x} (since
A" is also T -closed). This construction must of course be
carefully set up; its success relies heavily upon the inter-
nal structure of P. Moreover, this construction has a strong
order-theoretic appeal. This is particularly well-illustrated
and exploited when used as a tool to determine minimal-
ity with respect to separation axioms whose characterisa-
tions are in terms of the behaviour of point-closures (and so
are essentially order-induced properties. See the earlier de-
scription of the specialisation order). The topological signif-
icance of the above described intersection has a direct order-
theoretic translation when the given space is regarded as a

partially ordered set. Essentially, the intersection ‘forces x
beneath y’ and consequently all of {x} beneath every ele-
ment lying above y in the original order, that is, the special-
isation order induced by 7.

The technique adopted by Larson [9] in solving minimal
Ty and Tp is an interesting comparison. Given a T, respec-
tively Tp, topology 7, his approach was to show that for
an arbitrary 7 -open set B, the topology which results from
intersecting 7 with M(B) ={G C X: G C B or B C G}
is Tp, respectively Tp. It can be shown that M(B) is in
fact an intersection of principal ultratopologies; specifically,
M(B)=(NZ(y)UE(x): y € B, x ¢ B}. Such an intersec-
tion 7 N M (B) has rather more dramatic consequences for
the original point-closures in that, for any z € B, its closure
is increased by X \ B. The closures of elements outside B
remain unchanged. The order-theoretic interpretation is that
every pointin X \ B is forced beneath every point in B while
no extra points are added beneath any point of X \ B.

As mentioned earlier, intersection with a single principal
ultratopology has only a marginal, subtle effect on the size
and structure of the original topology and since the origi-
nal topology is in many cases assumed to be minimal, such
a delicate manipulation is appropriate. Intersection with a
topology of the form M (B) may in general be too severe
a reduction to be confident of retaining the invariant under
consideration. It is interesting to note that there are several
known axioms for which precisely one of the above two
methods is successful [10]. For example, the properties T}
and Ty (for all x € X, either {x} is closed or {x}\{x}isa
union of incommensurable point-closures, i.e., no member
of the union is contained in nor contains any other mem-
ber of that union) both display nestedness in their minimal
structure. However, the technique which proves this for 7,
namely intersection with a single principal ultratopology,
will not work for Ts. However Larson’s technique as de-
scribed above will establish nestedness for this latter case.

Without 77 as a logical upper bound, the above techniques
have only partial success in the quest for minimality with re-
spect to a given property. However, intersection with a topo-
logy of the form C U £(x), where C, the cofinite topology,
consists of all sets whose complements are finite, together
with @ provides a useful alternative.
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b-1 Subspaces (Hereditary (P)-Spaces)

Let X be a given fopological space with a topology O (the
collection of open subsets) and X’ a subset of X. Put

O'={X'n0:0e0}.

Then O’ satisfies the conditions to be a topology on X’; that
is, X' is a topological space with the topology '. This topo-
logical space X' is called a subspace of X and this topology
(' is called the relative topology (the induced topology,
the subspace topology) of O with respect to X’. Sometimes,
a closed subset (open subset) is called a closed subspace
(open subspace) in view of subspaces. The following facts
are direct consequences of definitions of subspaces.

(1) A subset E’ of X’ is a closed (open) subset of the space
X' if and only if E’ = X’ N E for some closed (open)
subset E of the space X.

(2) Let A be a subset of X’ and A’ denote the closure of
Ain X’. Then A’ = X’ N A holds, where A denotes the
closure of A in X.

(3) For a point x” of X" a subset U’ of X’ is a neighbour-
hood of x” in X’ if and only if U' = X’ N U for some
neighbourhood U of x" in X.

(4) For a filter F in X' is convergent in X' if and only if as
a filter in X, F converges to a point of X'.

(5) Foranet N in X', N is convergent in X’ if and only if
asanetin X, NV converges to a point of X’. In particular,
for asequence S in X', S is convergent in X' if and only
if S converges to a point of X'.

(6) If Bis abase for X then B’ ={BNX': B € B} is a base
for X',

There is a notion related to that of a base that is occasion-
ally useful when dealing with subspaces: an outer base for
a subspace X’ of X is a family B of open sets in X such
that for every point y of X’ and every open set O in X with
x € O thereisa B e Bwithx € BC O.If B is abase for X
then {B € B: BN X' # @} is an outer base for X'.

Let X be the Euclidean plane R? and let X’ be the x-axis
of R?%. Then X’ is a closed subspace of X. More generally,
for any two natural numbers m and n with m < n, the m-di-
mensional Euclidean space R™ is a closed subspace of the
n-dimensional Euclidean space R”".

Similarly, subspaces are defined for uniform spaces and
proximity spaces; that is, the restriction of the uniformity or
the proximity relation to a subset forms a uniformity or a
proximity relation on the subspace, respectively.

Let X be a topological space and Y a subspace of X. If
Y = X holds, then Y is called a dense subspace of X.

For the real line R! the subspace consisting of all rational
numbers is a dense subspace of R! and the subspace consist-
ing of all irrational numbers is also a dense subspace of R'.

On the other hand, it is easily seen that R! is not a dense
subspace of R” for any n > 2.

For a topological property P we say that P is a hered-
itary property (closed-hereditary property or a open-
hereditary property) if any subspace (closed subspace or
open subspace) of any topological space possessing property
P also has the property P.

Any hereditary property is always a closed hereditary
property and an open hereditary property, as well. Converses
of above directions are very often not true.

The following properties are hereditary properties which
are easily seen from their definitions.

(1) To,

(2) T,

(3) Ty,

(4) regularity,

(5) complete regularity,
(6) metrizability.

The following properties are closed hereditary ones but
not hereditary ones.

(1) normality,

(2) compactness,

(3) paracompactness,
(4) Lindeldf property,
(5) local compactness,
(6) completeness.

To show that above properties (1), (2), (3) and (4) are not
hereditary the following space is useful.

Tychonoff plank

Let X be the product space [0, w1] x [0, wp] and ¥ = X —
{(w1,wp)}. Then X is a compact 7> space and Y is an
open subspace of X. Y is sometimes called the Tychonoff
plank [E, 3.12.20]. Since X is a compact T, space, X sat-
isfies properties (1), (2), (3) and (4). On the other hand,
Y is not normal, because the two edges {w1} x [0, wp) and
[0, w1) x {wp} are not separated by disjoint open subsets
of Y. Since Y is not normal, Y does not satisfy any of the
properties (2), (3) and (4).

To show that the local compactness is not hereditary, put
X =R! (real line) and Y = Q (the set of all rational num-
bers) as a subspace of X. Then X is a locally compact space,
but Y is not locally compact subspace of X.

To show that the completeness is not hereditary, put X =
[0, 1] (the unit interval as a subspace of RYand Y =[0, 1)
as a subspace of X. Then X is a complete metric space with
respect to the usual metric, but Y is not a complete subspace,
because any sequence in Y, convergent to 1 is a Cauchy se-
quence in Y which does not converge in Y. In the case of



32

Section B:  Basic constructions

completeness it is to be noted that the Cauchyness depends
on the metric.

The following properties are open hereditary but not
hereditary ones.

(1) local compactness,
(2) local connectedness,
(3) separability.

To show that above properties (1) and (2) are not hered-
itary, put X = R! and ¥ = Q as a subspace of X. Then X
satisfies properties (1) and (2), but Y does not satisfy either
of the properties (1) or (2).

To show that the property (3) is not hereditary, the follow-
ing space is used as a representative example.

Niemytzki plane

Let X = {(x, y) € R?: y > 0} be the subset of R2. As a base
for open subsets at a point (x, y) for which y > 0, we choose
the interiors of circles around (x, y), and for a point (x, 0) on
x-axis, we choose as a base sets consisting of the point (x, 0)
and the interior of a circle tangent to the x-axis at the point
(x,0). The space X is called the NiemytzKki Plane [E, 1.2.4]
or the Niemytzki space [N, Example I1.5, Example III.3].
Then X is separable, because the set of points, both of whose
coordinates are rational numbers is a countable dense subset
of X. On the other hand, Y is not a separable subspace, be-
cause Y is an uncountable discrete space.

There are many topological properties which are not
closed hereditary and not open hereditary, as well. For ex-
ample, connectedness is such a property. To see this take
R! and its subspaces [0, 11U [2, 3] and (0, 1) U (2, 3). Then
R! is a connected space, and the first subspace is closed and
the second one is an open subspace, but neither of them are
connected.

For a hereditary property P, a space with the property P is
called a hereditary (P)-space [N, p. 102]. A most familiar
such property is metrizability; that is, any subspace of any
metrizable space is metrizable.

For a property (P) which is not necessarily hereditary in
general, we can classify spaces according to whether the

property (P) hold hereditarily or not. For example, although
the separability is not a hereditary property, the real line
R! is a hereditarily separable space. More generally, a new
space is defined as the hereditarily (P)-space; for instance,
a hereditarily normal space means the space in which any
subspace is normal.

Generally speaking, there are two types of topological
properties. The first one is the property which characterizes
spaces themselves; for instance, compactness, paracompact-
ness and normality etc. are conditions concerning for whole
spaces, and the second one is the property which is charac-
terized using subsets; for instance, separability and nowhere
density etc. are characterized by the conditions for subsets.

For every topological space X and every subspace Y of
X the formula iy (x) = x defines a map iy of Y into X. The
map iy is called the embedding of Y in X.

Let X and X be two topological spaces. If for a subspace
Y of X there exists a homeomorphism f : X| — Y, then we
call the space X1 embeddable in X and the map iy f: X1 —
X a homeomorphic embedding of X in X. Sometimes, X
is called an extension of X [E, p. 67].

Let P be a topological property and X a topological space.
If for every point x of X there exists a neighbourhood V, of
x which has the property P, then we say that X has property
P locally. A subset A of X is called a locally closed subset,
if A is closed locally. This means that every point x of A has
aneighbourhood such that V, N A is a closed subset of V. In
other words, A is closed locally if and only it A = O N F for
some open subset O of X and some closed subset F of X. As
an example of a locally closed subset, let A = [0, 1) be the
right open interval as the subset of R'. Then A is a locally
closed subset of R!: in other word, A is the intersection of a
closed interval [0, 1] and an open interval (—1, 1) [E, 2.7.1].

Akihiro Okuyama
Kobe, Japan
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b-2 Relative Properties

In many areas of general topology, we encounter pairs con-
sisting of a space and a subspace, or a pair consisting of
a space and a larger space (i.e., a space containing it as a
subspace). For example, a Tychonoff space X is a subspace
of its Stone~Cech compactification. Every separable metric
space is a subspace of the Hilbert cube.

Throughout this article, X will denote a topological space
and Y a subspace of X.

1. Elementary relative separation properties

In order to understand the concepts of relativity, we start
with the notion of relatively Hausdorff. A subspace Y is
Hausdorff in (respectively strongly Hausdorff in) X, if
for each distinct two points yj, y» € Y (respectively y; € Y
and y, € X), there are disjoint open sets U;, Uy of X with
yi € U; (i =1, 2). These concepts are different. In fact, if we
let X be a space {1, 2, 3} with an open base {{1, 3}, {2}} and
Y = {1, 2} its subspace, then Y is Hausdorff in X but Y is
not strongly Hausdorff in X.

A subspace Y is regular in (respectively superregular
in) X if, for each y € Y and each closed in X subset F
of X with y ¢ F, there are disjoint open subsets U and V
of X suchthat y e U and F NY C V (respectively F C V).
Clearly we have:

(a) If X is a Hausdorff space, then Y is Hausdorff in X;
(b) If X is aregular space, then Y is superregular in X, and
if Y is superregular in X, then Y is regular in X.

The inverse implications in the above statements are not nec-
essarily true. For example, in the gap between regularity and
superregularity, let X be a space consisting of all real num-
bers with the base {(a,b):a,be X, a <b}U{X\{l/n:ne
N1} and Y = {0} a subspace of X, where N denotes the set
of all natural numbers. Then Y is regular in X but Y is not
superregular in X [E, 1.5.6].

As another version of relative regularity, a subspace Y is
strongly regular in X, if for each x € X and each closed in
X subset F of X with x ¢ F, there are disjoint open subsets
U and V of X suchthat x e U and F NY C V. In this way,
we can consider many versions of relative P for a topolo-
gical property P.

As a consequence, there are two types of problems with
respect to relativity, as below:

(1) Suppose X is a given space and P a topological prop-
erty. Then find a condition Q for subspace Y of X in
order that Y be relatively P in X.

(2) For a topological property P, characterize Y in order
that Y be relatively P in every space which contains Y
as a subspace.

As for (2), a representative result is the following: A Haus-
dorff space Y is regular in every larger Hausdorff space if
and only if Y is compact [1, Theorem 48].

2. Relative normality

A subspace Y is normal in (respectively quasi-normal
in) X if for each pair £ and F of disjoint closed subsets
of X, there are disjoint open subsets U and V of X (respec-
tively disjoint open in Y subsets U and V of Y) such that
ENY CUand FNY C V. A subspace Y is strongly nor-
mal in X if, for each pair E and F' of disjoint closed subsets
of Y, there are disjoint open subsets U and V of X such
that E C U and F C V. It is clear that if Y is strongly nor-
mal in X, then Y is normal, and if Y is normal, then Y is
quasi-normal in X. In the Niemytzki Plane L, the subspace
Ly ={(a,0) € L: a € R} is normal and is quasi-normal in
L, but L; is not normal in L. If we consider any Tychonoff
space Y which is not normal (for example, Niemytzki plane
or the square of the Sorgenfrey line), then Y is normal in
its Stone—Cech compactification 8(Y) [E, 3.5.10], and Y is
not strongly normal in 8(Y). This means that the normality
of the larger space need not imply the relatively strong nor-
mality. On the other hand, if Y is dense in X and is normal
in itself (respectively quasi-normal in X), then Y is strongly
normal in X (respectively normal in X) ([3, 1.2.5] and [3,
1.2.6]).

Relating to relative regularity, we have: Y is regular in X
and the space Y is Lindelof, then Y is strongly normal in X.

Concerning the extension property of real-valued contin-
uous functions, a subspace Y is weakly C-embedded in X
[3] if every real-valued continuous function f on Y has a
Y-continuous extension f* over X, where f* is said to be
Y -continuous if for each point y € Y and each neighbour-
hood V of f*(y) = f(y), there exists a neighbourhood U
of y in X with f*(U) C V. A subspace Y is C-embedded
in X if f* can be chosen to be continuous on X in the above
definition. It is known that, if Y is a dense subset of a Ty-
chonoff space, then Y is weakly C-embedded in X [1, The-
orem 13].

A subspace Y is called to be realnormal in (respectively
strongly realnormal in) X [3] if, for every disjoint closed
in X (respectively in Y) subsets A and B of X (respectively
of Y), there exists a Y-continuous map f : X — R such that
f(A)={0} and f(B) ={1}. 7Y is weakly realnormal in X
if, for every disjoint closed subsets A and B of X, there ex-
ists a continuous map f:Y — R such that f(ANY) = {0}
and f(BNY) = {1}. The following statements are clear from
the definitions:
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(a) If Y is normal, then Y is weakly realnormal in X,
(b) If Y is realnormal in X, then Y is normal in X.

In general, the weak realnormality of ¥ in X does not imply
the realnormality of Y in X [1]. However, for a dense sub-
space Y of a Tychonoff space X, the weak realnormality of Y
in X implies the realnormality of Y in X. Furthermore, Y is
strongly normal in X if and only if ¥ is a normal space and Y
is weakly C-embedded in X [3].

Relating to the strong normality, Y is strongly realnormal
in X if and only if Y is strongly normal in X [1].

As for the case in which Y is normal in every larger regu-
lar space, I.Yu. Gordienko proved: A Moore space Y is nor-
mal in every larger regular space if and only if Y is separable
and metrizable [1, Theorem 48].

3. Relative compactness

In this part, we shall introduce the relative compactness type
properties and how they are related with other relative sepa-
ration properties. Y is compact in (respectively Lindel6f in)
X if, every open cover of X has a finite (respectively count-
able) subcollection which is a cover of Y. It is seen that Y is
compactin X if and only if, for every collection F of subsets
of Y with the finite intersection property, ﬂ{fx :FelFlis
not empty.

If Y is compact (respectively Lindelof), then Y is com-
pact (respectively Lindelof) in X. But the converse need not
be true, because every Tychonoff space Y is always com-
pact in its Stone—Cech compactification 8(Y). D.V. Ranchin
showed that if X is a regular 7;-space, then the compactness
of Y in X is equivalent to the compactness of Y*, where
Y means the closure of Y in X [1, p. 95]. Furthermore, the
following hold [1, p. 95]:

(a) If X is Hausdorff (respectively regular) and Y is com-
pact (respectively Lindelof) in X, then Y is normal in X.
(b) If Y is strongly regular in X and Y is Lindelof in X, then
Y isnormal in X ([1, Theorem 34] and [1, Theorem 35]).

By the above fact (a), Y is regular if Y is compact in a Haus-
dorff space X, but Y need not be complete regularity un-
der the same conditions (see [2]). Therefore a natural ques-
tion is: Under what conditions, does the relative compact-
ness imply the Tychonoff property? In regard this question,
A.V. Arkhangel’skii and I.V. Yaschenko proved that: If Y is
compact in a Urysohn space, then Y is Tychonoff [1, Theo-
rem 44], where a space X is a Urysohn space, if for every
two points x, y € X (x # y) there are neighbourhoods U and
Vof x and y withyU NV =0.

As for (b), the assumption that X is strongly regular in X
cannot be weakened to Y to be regular in X even if X is
Hausdorff.

It is natural to define relative countable compactness
and to study its properties. A subspace Y of a space X is
countably compact in X, if every countable open cover
of X has a finite subcollection whose union contains Y.
A.V. Arkhangel’skii [2] gave some interesting results con-
cerning relative countable compactness.

4. Relative paracompactness

A family A of subsets of a space X is said to be locally fi-
nite at Y in X, if every point y € Y has a neighbourhood U
in X which intersects with at most finitely many members
of A. There are three basic versions of relative paracom-
pactness [3]: ¥ is 1-paracompact in (respectively 3-para-
compact in) X, if every open cover U of X has an openin X
(respectively in Y) cover of X (respectively of Y) which is
a refinement (respectively a partial refinement) of I/ and lo-
cally finite at Y in X. A subspace Y is 2-paracompactin X,
if every open cover ¢/ of X has an open in X cover of ¥
which is a partial refinement of &/ and locally finite at ¥
in X.

In some papers (for example, [1]), if ¥ is 2-paracompact
in X, then Y is said to be paracompact in X. It is easily
seen that:

(a) If Y is l-paracompact in X, then Y is 2-paracom-
pactness in X, and if Y is 2-paracompactin X, then Y is
3-paracompact in X.

(b) If Y is Lindelof (respectively paracompact), then Y is
2-paracompact (respectively 3-paracompact) in X.

In the above statements, none of the inverse implications
need be true [7]. Moreover, there is an example of a rel-
ative compact subspace which is not 1-paracompact in a
larger space (see [3, 3.3.2]). By adding some conditions in
the assumptions the following are true: If Y is dense in X
and 3-paracompact in X, then Y is 2-paracompact in X
[3, 3.1.4], and if Y is 2-paracompact (respectively 3-para-
compact) in X and strongly regular in X, then Y is normal
(respectively quasi-normal) in X [3, 3.1.5] (respectively [3,
3.1.8]).

Some characterizations of paracompactness can be ex-
tended to relative cases; for example, Y is 1-paracompact
in X if and only if every open cover of X has an open re-
finement of X which is o -locally finite at ¥ in X [7].

Suppose that a topological property P and a space Y are
given. Then a natural question arises: What is the condition
on Y in order that Y be relative P in every larger space con-
taining Y'? Concerning this question, the following results
are known [7]: For a regular space Y, Y is 1 (respectively 2)-
paracompact in every larger regular space if and only if Y is
compact (respectively Lindelof). For a space Y, Y is 3-para-
compact in every larger space if and only if Y is para com-
pact.

A subspace Y of X is countably i-paracompact in X
(i =1,2,3) if every countable open cover satisfies the con-
dition in the definition of i-paracompactness (i = 1, 2, 3),
respectively.

One of the most useful characterizations of countable
paracompactness is F. Ishikawa’s one [E, 5.2.1]. For the rel-
ative countable paracompactness, Y. Yasui showed that [13]:
Y is countably 1 (respectively 2 , 3)-paracompactin X if and
only if every countable increasing open cover {U,: n € N}
of X has a family {V,: n € N} of open sets in X, which
is a cover of Y and V,X C U, (respectively V, C U, and
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Ynv,Xcu, Yynv,Y c U, for each n € N. A sub-
space Y is s-normal in X, if for every disjoint closed subsets
E and F of X, there are disjoint open subsets U and V of X
such that E C U and FNY C V. Relating to Dowker’s char-
acterization of countable paracompactness using the product
with [0, 1], the following hold: For an s-normal subspace Y
in X and the convergent sequence In = {0} U {1/n:n € N},
Y is countably 2-(respectively 3-) paracompact in X if and
only if the product ¥ x Ip is normal (respectively quasi-
normal) in X [13].

As an example of a result concerning relative count-
able 1-paracompactness in every larger space, M.V. Matveev
proved the following result: A Tychonoff space Y is count-
ably 1-paracompact in every Tychonoff space which con-
tains Y as a closed subspace if and only if Y is Lindelof [2,
Theorem 13.5].

5. Relative dimensions

For a subspace Y of X, the relative covering dimension
of Y in X does not exceed n (denoted by dim(Y, X) < n), if
every finite open cover I/ of X has a finite open in Y cover
V of Y, partial refinement such that ord(y, V) < n + 1 for
each y € Y. The strong covering dimension of Y in X
does not exceed n (denoted by Dim(Y, X) < n), if every
finite open cover U/ of X has a finite open in X cover V
of Y, partial refinement such that ord(x, V) < n + 1 for each
xeX.

There exist a normal space X and a subspace Y of X
such that dim(Y, X) # dim(Y) and dim(Y, X) # dim(X)
(see [11]). Since the inequality dim(Y7, X1) < dim(Y2, X»2)
holds for Y1 C Y» C X1 C X», we have dim(Y, X) <
dim(Y) and dim(Y, X) < dim(X). Although equality does
not hold in general, the following are sufficient conditions
for dim(Y, X) = dim(Y): (a) Y is closed, or (b) Y is a
normal subspace in itself and an F,-set in X, or (c) Y is
C*-embedded in X [6]. It is also known that if Y is a nor-
mal subspace in itself and z-embedded in X [MN, p. 65],
then

1
5 Dim(¥. X) < dim(Y, X) < dim(Y)

[6]. Of course, dim and Dim do not coincide; that is, there
exist a Tychonoff space X and a subspace Y of X with
dim(Y, X) # Dim(Y, X) [11, Example 5]. On the other hand,
if Y is either strongly normal in X and dim(Y, X) is de-
fined, or Y is a Lindelof subspace in itself, then the equal-
ity dim(Y, X) = Dim(Y, X) holds [11]. Furthermore, the in-
equality

Dim(Y U Z, X) < Dim(Y, X) +Dim(Z, X) + 1

holds for any subspaces Y and Z of X [11].

Let X be a regular space, Y a subspace and n > 0. The
relative small inductive dimension of Y in X [9], de-
noted by ind(Y, X), is defined as follows (by induction):

ind(Y, X) < n if for any y € Y and any open neighbourhood
U of y in X there exists an open neighbourhood V of y in X
suchthaty € V. C U and ind(Frx (V)NY, X) <n—1, where
ind(@, X) = —1.

Let X be a normal space, Y a normal subspace and n a
non-negative integer. The relative large inductive dimen-
sion of Y in X [6], denoted by Ind(Y, X), is defined as fol-
lows: Ind(Y, X) < n if for any closed set A C Y and any
open set U C X with U D A there exists an open set V
in X suchthat ACV C U and Ind(Frx(V)NY, X)<n—1,
where Ind(4, X) = —1.

If either X is hereditarily normal, or Y is a perfectly nor-
mal subspace of a normal space X, then ind(Y, X) = ind(Y)
[9]. If Y is a separable metrizable subspace of a Tychonoff
space (respectively a normal space) X, then ind(Y, X) =
ind(Y) [10] (respectively Ind(Y, X) = Ind(Y) [6]). If X is
completely regular, then ind(Y, X) < ind(Y) + 1 [10]. Fur-
thermore, the following basic facts hold for ind(Y, X) [9]:

(a) ind(Y) <ind(Y, X) <ind(X), and
(b) ind(Z,Y) <ind(Z, X) <ind(Y, X)forZCY C X, and
(¢) ind(Y1 U Ys, X) <ind(Yy, X) +ind(Y2, X) + 1.

For Ind-versions in the above fact (a), there exist a com-
pact space X and its dense metrizable subspace Y such that
Ind(Y, X) > Ind(X) [6]. For Ind-version of the above (c),
if X is hereditarily normal, then we have Ind(Y; U Y2, X) <
Ind(Y1, X) + Ind(Y2, X) + 1 [6].

6. Others

A.V. Arkhangel’skii and I. Yu. Gordienko introduced the rel-
atively local finiteness [4]. A subset A of a space X is finitely
located in X, if any closed in X subset B of A is finite. For
x € X and a subset Y of X, Y is said to be relatively locally
finite at x in X if there exists a neighbourhood U of x in X
such that U NY is finitely located in Y. Y is relatively lo-
cally finite in X, if Y is relatively locally finite at x in X
for any x € Y. Then we have: If every countable subspace Y
of a relatively locally finite Hausdorff space X is relatively
locally finite in X, then X is discrete [4, Theorem 1]. If a
Lindelof Hausdorff space X is relatively locally finite in X,
then X is discrete [4, Theorem 2].

It is also known that every point x of a relatively locally
finite space X has a neighbourhood U which is countably
compact in X [4]. On the other hand, there is a countably
compact and Hausdorff space X which is not finite (see
[12]). The relatively local finiteness is not finitely produc-
tive [12]. To prove this, the following is the essential fact
[12]: If a Hausdorff space X is relatively locally finite, then
each point x € X has an open neighbourhood U such that
every infinite subset A C U has infinitely many accumula-
tion pointsin X \ U.

A.V. Arkhangel’skii, I.Yu. Gordienko, T. Nogura,
C.E. Aull and many other mathematicians obtained results
about relative metrizability, relative symmetrizability, rel-
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ative sequentiality and so on (see [5]). For the relative
subparacompactness, see [8].

References

[1] A.V. Arkhangel’skii, Relative topological properties
and relative topological spaces, Topology Appl. 70
(1996), 87-99.

[2] A.V. Arkhangel’skii, From classic topological invari-
ants to relative topological properties, Preprint.

[3] A.V. Arkhangel’skii and H.M.M. Genedi, Beginnings
of the theory of relative topological properties, Gen-
eral Topology, Spaces and Mappings, MGU, Moscow
(1989) 3-48.

[4] A.V. Arkhangel’skii and I.Yu. Gordienko, Relatively
locally finite Hausdorff spaces, Questions Answers
Gen. Topology 12 (1994), 15-25.

[5] A.V. Arkhangel’skii and I.Yu. Gordienko, Relative
symmetrizability and metrizability, Comment. Math.
Univ. Carolin. 37 (1996), 757-774.

[6] R. Koga, Subspace-dimension with respect to to-
tal spaces, Master Thesis, Osaka Kyoiku University
(1998).

[7]1 K. Miyazaki, On relative paracompactness and char-
acterizations of spaces by relative topological proper-
ties, Math. Japon. 50 (1999), 17-23.

[8] Z.Quand Y. Yasui, Relatively subparacompact spaces,
to appear.

[9] V.V. Tkachuk, On the dimension of subspaces, Vest-
nik Mosk. Univ. Ser. 1 Mat. Mekh. 2 (1981), 21-25 (in
Russian).

[10] V.V. Tkachuk, On the relative small inductive dimen-
sion, Vestnik Mosk. Univ. Ser. 1 Mat. Mekh. § (1982),
22-25 (in Russian).

[11] J. Valuyeva, On relative dimension concepts, Questions
Answers Gen. Topology 15 (1997), 21-24.

[12] Y. Yasui, The square of a relatively locally finite space
is not relatively locally finite, Math. Japon. 41 (1995),
673-676.

[13] Y. Yasui, Results on relative countably paracompact
spaces, Questions Answers Gen. Topology 17 (1999),
165-174.

Yoshikazu Yasui
Osaka, Japan



b-3 Product spaces

37

b-3 Product Spaces

1. The product topology on X x Y

Let X and Y be topological spaces. The product topology
on X x Y is the topology having the collection B = {U x
V:U isopenin X, V is openin Y} as a base. A product set
X x Y with the product topology is called the product (or
product space) of X and Y. Let R be the real line with the
usual topology. Then the product topology on R? (=R x R)
coincides with the usual topology of the plane R

Let p1:X x Y — X be defined by the equation
p1({x,y)) =x and let p: X x Y — Y be defined by the
equation p2({x,y)) =y. The maps p; and p; are called the
projections of X x Y onto its first and second factors, re-
spectively. Amap f: X — Y is called an open map (respec-
tively a closed map) if for each open (respectively closed)
set U in X, f(U) is an open (respectively a closed) setin Y.
Each p; is continuous and an open map. But p; is not a
closed map because the set A = {(x,y) € R%: xy=1}isa
closed set of R? but p; (A) =R\ {0} is not a closed set of R
fori =1,2.

It is an important problem whether X x Y has a topolo-
gical property P, or not, if both X and Y have P, that is,
whether P is a productive property.

A space X is a Ty-space if {x} is a closed set of X for
each x € X. Since X is homeomorphic to X x {y} for a
point y € Y, if Y is a T7-space, X is considered a closed sub-
space of X x Y. Therefore, if X and Y are T;-spaces and P
is preserved by closed subspace and X x Y has P, then X
and Y have P. A space X is a regular space if X is a 771 and
Ts-space. A space X is a completely regular space if X is
a Ty and T3% -space. A space X is a Ty-space if any two dis-
joint closed sets are separated by open sets in X. A space X
is a normal space if X is a 77- and T4-space. If X and Y are
Tp (respectively T, Hausdorff, regular, completely regular),
then so is X x Y. The converse also holds.

Normality is not preserved by product spaces. In fact, the
following example exists. The Sorgenfrey line S is the set
R of all real numbers, having {[a, b): a < b} as a base.
Then S is normal and $2 = S x S is not normal. In fact,
A={(x,—x)eS* xeQ}and B={(x,—x)eS*: x P}
are disjoint closed sets but are not separated by open sets
in §2. Here Q is the set of all rationals and P is the set
of all irrationals. The Sorgenfrey line S is a regular Lin-
delof space. Since every regular Lindelof space is a para-
compact Hausdorff space and every paracompact Hausdorff
space is normal, neither Lindelofness nor paracompactness
is preserved by product spaces in general. However, if X is
compact and Y is paracompact (respectively Lindelof, com-
pact), then X x Y is paracompact (respectively Lindelof,
compact). Since normality, Lindel6fness, compactness and

many other topological properties are preserved by closed
subspaces, if X x Y has one of these properties and X and Y
are T1-spaces, then X and Y both have the same property.

For a finite family {X;: i = 1,2,...,n} of spaces, the
product topology is defined analogously to the case of two
spaces, i.e., having B = {U; x --- x Uy,: U; is open in
X;, i =1,2,...,n} as a base. The product topology of
R"” =R x - - - x R and the usual topology on R” are the same.
Projections are defined analogously to the case of the prod-
uct of two spaces.

In the following, all spaces are assumed to be Hausdorff
spaces and all maps continuous and onto.

In 1951, C.H. Dowker proved that X is countably para-
compact and normal if and only if X x I is normal, where I
is the closed unit interval with the usual topology. He posed
the question whether every normal space is countably para-
compact or not. A normal space X is called a Dowker space
if it is not countably paracompact, in other word, if X x I
is not normal. In 1971, M.E. Rudin constructed a Dowker
space [KV, Chapter 17]. Thus Dowker’s problem was an-
swered negatively.

In 1976, concerning the normality of product spaces,
K. Morita posed the following three conjectures [MN, Chap-
ter 3]:

MORITA’S CONJECTURE I. If X x Y is normal for any nor-
mal space Y, then X is a discrete space.

This was answered affirmatively by M. Atsuji and
M.E. Rudin.

In general, the product X x Y of a normal space X and
a metric space Y need not be normal. This was shown by
Michael [E, 5, 1.3] by constructing a hereditarily paracom-
pact (i.e., every subspace is paracompact) space M, which
is called the Michael line, such that M x P is not normal,
where P is the space of all irrationals with the usual topo-
logy. On the other hand, Morita, by introducing the notion
of P-spaces, proved that a space Y is a normal P-space if
and only if X x Y is normal for every metrizable space X.
He also conjectured the following:

MORITA’S CONJECTURE II. A space X is metrizable if and
only if X x Y is normal for every normal P-space Y.

K. Chiba, T.C. Przymusinski and M.E. Rudin [6] proved
that under the assumption V = L, Morita’s conjecture II
holds. A related result of Morita states that a metrizable
space X is o -locally compact (the union of countably many
locally compact closed subspaces) if and only if X x Y is
normal for every normal and countably paracompact space Y
[MN, Chapter 3, 3.6]. Morita conjectured that the assump-
tion of metrizability of X can not be omitted:
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MORITA’S CONJECTURE III. A space X is metrizable and
o-locally compact if and only if X x Y is normal for every
countably paracompact space Y.

In 1998, Z. Balogh [1] proved that Morita’s conjecture III
holds. Further, in 2001, he [2] proved that Morita’s conjec-
ture II holds.

A space X is k-paracompact (« is an infinite cardinal
number) if every open cover of cardinality < « has a lo-
cally finite open refinement. Morita proved that a normal
space X is k-paracompact if and only if X x I is nor-
mal. Since I“ is compact, Morita generalized the notion
of k-paracompact to Z-paracompact, i.e., for a compact
space Z, aspace X is called Z-paracompactif X x Z is nor-
mal. It is known that normal «-paracompactness is preserved
by closed maps, i.e., if X is normal «-paracompact and
f:X — Y isaclosed map, then Y is normal x -paracompact.
In 1967, Morita posed the conjecture: For any compact
space Z, Z-paracompactness is preserved by closed maps.
M.E. Rudin proved that this conjecture holds [MN, Chap-
ter 4, 1.14]. She and M. Starbird proved that in case that
Z is a metric space, the similar result holds, too. Moreover
they proved the following: Let ¥ be a metric space and Z a
compact space. Suppose that X x ¥ and X x Z are normal.
Then X x Y x Z is normal [MN, Chapter 4, 1.9]. See [MN,
Chapter 4] for proofs.

The relationships between normality and countable para-
compactness are interesting in the theory of product spaces.
Morita proved: Suppose that X is normal and Y is nondis-
crete metric. If X x Y is countably paracompact, then X x ¥
is normal. Rudin and Starbird proved the converse. So we
have: (1) Suppose that X is normal and countably para-
compact, and Y metric. Then X x Y is normal if and only
if X x Y is countably paracompact [MN, Chapter 4, 1.4].
K. Nagami [22] proved that in the above Morita’s theorem,
X x Y can be replaced by an open set G C X x Y, and
T.C. Przymusinski [25] proved the converse. Thus we have:
(2) Suppose that X is hereditarily normal (i.e., every sub-
space is normal) and hereditarily countably paracompact
(i.e., every subspace is countably paracompact), ¥ metric,
and G an open subspace of X x Y. Then G is normal if and
only if G is countably paracompact. T. Hoshina showed that
the metric factor in (1) can be replaced by a LaSnev space
[MN, Chapter 4, 2.8]. After that, A. Beslagi¢ and K. Chiba
[3] showed that the metric factor in (2) can be replaced by
a LaSnev space. Later, N. Zhong [31], H.J.K. Junnila and
Y. Yajima [12] improved these results.

2. The product topologies on [ [, ., X,

The Tychonoff topology and the box topology

Let {X,: A € A} be a family of topological spaces and put
X =[Leca Xy ={x = (xrea: xi € X;, for each 1 € A}.
This set X is called the Cartesian product. The Tychonoff

product topology on X is the topology having the collection
of sets of the form

[Torx [] Xu

reM neA\M

where U, is an open set in X foreach A € M and M is a fi-
nite subset of A, as a base. The Tychonoff product (or topo-
logical product) of {X;: » € A} is X with the Tychonoff to-
pology and is denoted by [ [, . 4 X;.. This space also is called
a product space; if all spaces are the same space Z then we
speak of a topological power or simply a power of Z. The
box topology on X is the topology having the collection of
sets of the form

l_[ Us.,

reA

where U, is an open set in X, for each A € A, as a base.
If Uy, is an open subset of X, for each A, then [[,_, U, is
called a box in [ [, . 4, X). The box product of {X;: A € A}
is X with the box topology and is denoted by [y e 4 X . Sup-
pose X is a topological space and v is a cardinal number,
then X" denotes the Tychonoff product and (1" (X) denotes
the box product where v is the index set and each factor X
is X. For each € A, let p,,: [[,c4 X1 — X, be defined
by the relation p, ((x3)rea) = x,.. The map p,, is called the
projection on X . Each p, is continuous and an open map
in both Tychonoff and box topologies.

If each X is a T1-space, then X is a closed subspace of
both l_[)»GA X; and LDy c 4 Xy

Let H be the set of all infinite sequences (x,);- ; of real
numbers such that 0 < x, < 1/n for each n. For each x =
(xn);.,o:p y= (yn)zo:l € H, define

0o 1/2
p(x,y) = (Z(xn —yn)2) :

n=1

Then p is a metric on H. The space H with this metric to-
pology is called the Hilbert cube. The space H coincides
with the Tychonoff product ]_[ff;l [0, 1/n]. Therefore, H is
homeomorphic to I. On the other hand, let R be the set

of all infinite sequences (xn)g‘;l of real numbers with

o

2
342 < o0
n=1

with the metric defined similarly to the metric p above. Then
R is called the Hilbert space and is homeomorphic to R®.
The space PP of irrationals with the subspace topology of R is
homeomorphic to N“, where N is a countable discrete space.
If each X, is metrizable, then ]_[n ce Xn 18 metrizable. But, in
general the Tychonoff product of an uncountable number of
metrizable spaces is not metrizable. In fact 2! is not metriz-
able where 2 is the discrete space of two points. It is known
that N“! is not normal.



b-3 Product spaces

39

Throughout this section we assume that all spaces con-
tain at least two points. Let us consider normality, para-
compactness and Lindel6fness of countable Tychonoff prod-
uct X = ]_[new X,, where each X, is a Hausdorff space.
A necessary condition for X to be normal (respectively para-
compact, Lindeldf) is that all finite subproducts of X, i.e.,
spaces [ [,, ,,, X» must be normal (respectively paracompact,
Lindelof). However, Przymusiniski showed that this condi-
tion is not a sufficient condition by constructing the space X
such that X" is Lindelof for all n < @ but X* is not nor-
mal (see [KV, Chapter 18, 2.6]). Concerning the relationship
between normality and countable paracompactness of count-
able Tychonoff products (each space is a Hausdorff space),
the following theorem is known: Suppose that all finite sub-
products of a product space X =[], _,, X, are normal (re-
spectively paracompact, Lindelof). Then the followings are
equivalent: (i) X is normal. (ii) X is countably paracompact.
(iii) X is normal (respectively paracompact, Lindeldf) (see
[KV, Chapter 18, 6.1]).

Comparison of the Tychonoff and the box topologies
I. Let {X): A € A} be a family of topological spaces and
F, C X, foreach A € A. Then the following hold:

(1) [T,en Fo. is a closed subset of [, .4 X, if and only if
F;, is a closed subset of X, for each A € A.

@) I1 sea Fo is a closed (respectively open) subset of
Urea X if and only if F) is a closed (respectively open)
subset of X, for each A € A.

(3) For Tychonoff product, similar result for open sets does
not hold. In fact, ]_[new(O, 1), is not an open set in R®
where (0, 1), is the copy of (0, 1) ={r: 0 <t < 1}.

II. Suppose that X is a topological space and {Y;: A € A} is
a family of topological spaces. Let f: X — [],c4 Ya.. Then
f is continuous if and only if p) o f is continuous for each
A € A. This theorem does not hold if we replace [ [, .4 Yx
with [y e Y). In fact, consider the function f:R — O“R
defined by the equation f(¢t) = (¢, ¢t,...,¢,...). Then p, o f
is continuous for each n. But f is not continuous.

III. Separation axioms.

(D T] sea Xo is Ty (respectively T, Hausdorff, regular,
completely regular) if and only if X, is Tp (respec-
tively 77, Hausdorff, regular, completely regular) for
each A € A.

(2) OreaX,. is Ty (respectively T1, Hausdorff, regular, com-
pletely regular) if and only if X, is Tp (respectively T,
Hausdorff, regular, completely regular) for each A € A
(see [KV, Chapter 4, 1.2] and [13]).

IV. Products of compact spaces.

(1) Compactness preserved by Tychonoff product.

(2) Compactness can not be preserved in the box product.
In fact, if A is infinite set and each X is non-discrete
regular space, then [y 4 X is not compact.

(3) O%!(w + 1) is neither normal nor collectionwise Haus-
dorff [21]. Here w 4+ 1 = {n: n < w} with the order to-
pology, where w is the first infinite ordinal. This space

is a compact metric space. A space X is collectionwise
Hausdorff if every closed discrete subset of X can be
separated by disjoint open sets in X.

(4) It is not known whether J“! (w + 1) is countably para-
compact or not.

V. Products of countable number of metrizable spaces. If
each X, is metrizable, then ]_[new X, is metrizable. But,
if each X, is an infinite non-discrete regular space, then
Unew Xy is never metrizable. Thus

(1) R is not metrizable.

Since every metrizable space is paracompact, “if every
X; is metrizable, then ;<. X; is paracompact” was conjec-
tured. This conjecture was answered negatively by E.K. van
Douwen. In 1975, he [10] proved that there is a family
{Xn: n € w} of separable complete metric spaces such that
;e X5 1s not normal, in fact:

(2) The box product of the family {P} U {T};: n € w}, where
T, is a convergent sequence for each n € w, is not nor-
mal.

M.E. Rudin [26] proved that assuming the Continuum Hy-
pothesis (CH for short), the box product of countably many
locally compact, o-compact, metric spaces is paracompact.
Therefore:

(3) (CH) O*R is paracompact and (I (w + 1) is paracom-
pact.

(4) If b =0 or ? = ¢, then J*Q is paracompact [20]. Here
Q is the rationals with the usual topology and c¢ is the
cardinality of R. (See [20] for the definitions of b and 0.)

VI. Separability, first-countability and connectedness.

(1) If each X, is separable and |A| < ¢, then [ ], _, Xy is
separable. Conversely, if [],., X, is separable, then
each X is separable.

(2) If each X, is first-countable, then [],., X, is first-
countable. The converse holds. However, 2! is not first-
countable.

3 ]_[)LE 4 X, is connected if and only if X is connected for
each A € A. Therefore, R? is separable, first-countable
and connected.

(4) Let {X;: L € A} be a family of non-discrete regular
spaces and A an infinite set. Then Uy 4 X, cannot be
separable.

(5) Let {X,: A € A} be a family of non-discrete regular
spaces and A an infinite set. Then [J)c 4 X, is neither
first-countable nor connected. Therefore, J’IR is not
separable, not first-countable and not connected.

A supplement of the study of box products

M.E. Rudin constructed interesting examples by using box
products of ordinals. A space X is said to have the property
D(x) if each increasing open cover U of X with |U| =«
has a shrinking, i.e., there is an open cover {G(U): U € U}
of X suchthatcl G(U) C U foreach U € U. A normal space
without the property D(k) is called a k-Dowker space. An
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w-Dowker space is a Dowker space. Rudin constructed a
k-Dowker space for each infinite cardinal «. These spaces
fullfiled the important role in the theory of normality of
product spaces.

Moreover, she examined the paracompactness and nor-
mality of countable box products of ordinals. She obtained
many results. For example, she [27] proved CH implies the
box product of countably many o -compact ordinals is para-
compact. Normality and paracompactness of box products
have been discussed in many papers. Extending results of
Rudin [26], K. Kunun [19] proved that

(1) (CH) if each X, is compact, then [, X,, is paracompact
if and only if it is L(X) < w;. Here L(X) denotes the
Lindelof number of X,

(2) if each X,, is compact and [J, X,, is paracompact, then
L(X)<c,

(3) (under the assumption of the Martin’s Axiom (MA for
short)) if each X, is compact and first-countable, then
0, X, is paracompact.

After that, van Douwen [11] proved:
(1) The following conditions are equivalent:

(a) CH,
(b) O%(2°%) is paracompact,
(c) O(2°) is normal.

(2) O®(2*2) is not normal.

An important tool in the study of separation and covering
properties of box products is the so-called nabla-product:
say x =y forx,y € X =[], X; iff {i: x; # y;} is finite.
The quotient of X by this equivalence relation is denoted
V2, X;.If X carries the box topology then the quotient map
is open, the space V°, X; is a P-space; it shares many prop-
erties with the box product.

3. Y-products and o -products

All spaces are assumed to be Hausdorff spaces. In 1959,
H.H. Corson [7] introduced the definitions of X'-products
and o -products and studied these spaces.

(a) X-products and o-products with the Tychonoff topo-
logy. Let {X,: A € A} be a family of topological spaces.
Let X = [[,c4 X5 be the Cartesian product with the Ty-
chonoff topology. Take a point p = (p;)yca € X. For each
x = (x))rea € X, let Supp(x) = {A € A: x) # py}. Then the
subspace

X(p) = {x € X: Supp(x) is countable}

of X is called a X-product of {X;: A € A} about p (p is
called the base point). If “countable” is replaced by “finite”,
X (p) is called a o-product. We often write X instead of
X (p). For each countable (finite) set F C A, ]_[AeF X, is
called a countable (finite) subproduct of ¥'. X'-products

and o-products are dense subspaces of [[, .4 X;. And a
o-product is a dense subspace of a X'-product. For spaces
{Xy: A € A}, ¥(p) may be different from X'(q) if p #q.
For instance, suppose each X, is a copy of the closed
unit interval I plus an isolated point co and let A be un-
countable, p = (pa)iea With py =00, ¢ = (gi)rea With
g, = 0 for each A € A. Then ¥'(p) is not homeomorphic to
2(q)-

If each X is connected, then X -products and o -products
of {X;: A € A} are connected. Every metric space can be
embedded as a subspace of a X'-product of copies of I [7].

A X -product (o -product) is called proper (or non-trivial)
if it is a proper subspace of X. A X-product is proper if
and only if uncountably many spaces X, contain at least
two points. Proper X-products contain the space w; as a
closed subspace. Here w; = {«: @ < w1} with the order to-
pology is countably compact and not compact. It is well
known that if a countably compact space X is paracompact,
then X is compact. Therefore proper ~'-products are never
paracompact [KV, Chapter 18, 7.2]. By the same reason,
proper X'-products are never metacompact, subparacom-
pact, submetacompact etc. Therefore normality-like proper-
ties of X'-products have been discussed by many mathemati-
cians. ¥'-products of compact spaces may be non-normal. In
fact, the X'-product of uncountably many copies of w; + 1
is not normal [KV, Chapter18, 7.3]. Here w; + 1 is the space
{o: @ < w1} with the order topology. This space is compact.

A collection F of subsets of a space X is a discrete fam-
ily if for every point x € X, there is a neighbourhood U of
x such that {F e F: U N F #@}| < 1. A space X is collec-
tionwise normal if for every discrete collection F, there is
a pairwise disjoint collection U = {U(F): F € F} of open
sets such that F C U(F) for each F € F. If a space X is
collectionwise normal, then X is normal. Corson [7] proved
that X'-products of complete metric spaces are collection-
wise normal. Therefore the X -product of copies of R is col-
lectionwise normal. And he raised the question as to whether
a X -product of copies of rational numbers is normal or not.
In 1973, A.P. Kombarov and V.I. Malyhin solved this by
showing that every X'-product of separable metric spaces is
(collectionwise) normal [KV, Chapter 18, p. 821]. In 1977,
S.P. Gul’ko and M.E. Rudin independently proved that every
X -product of metrizable spaces is normal [KV, Chapter 18,
7.4].

It is well known that every metric space is a paracom-
pact p-space (due to Arhangel’skil) with countable tight-
ness. A space X is a paracompact p-space if and only if it
is a paracompact M-space in the sense of Morita if and only
if X is the perfect preimage of a metric space, i.e., there ex-
ist a metric space T and a perfect map f: X — T.In 1978,
Kombarov generalized Gul’ko—Rudin’s result by showing
that every X' -product of paracompact p-spaces { X, } is (col-
lectionwise) normal if and only if all spaces X; have count-
able tightness [KV. Chapter 18, 7.5].

A space X is said have the shrinking property if
every open cover of X has a shrinking. If X is shrinking,
then X is normal. In 1983, M.E. Rudin [28] proved that
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every X-product of metrizable spaces is shrinking. In 1985,
A.L. Donne [9] generalized this result to the class of para-
compact p-spaces with countable tightness.

It is not known whether a ¥'-product of Lasnev spaces is
normal or not. A ¥'-product of copies of w; is normal [15].
A X -product is not necessarily normal even if every count-
able subproduct is normal. In fact, in 1992, T. Daniel and
G. Gruenhage [8] constructed the following example: A non-
normal ¥ -product in which every countable subproduct is
paracompact, perfectly normal and first-countable.

However, if every finite subproduct is hereditarily sepa-
rable (i.e., every subspace is separable), then the X'-product
is (collectionwise) normal if every countable subproduct is
normal [18]. Every proper X'-product is not hereditarily nor-
mal. In fact, Corson [7] proved: Let X be a X -product of
uncountably many spaces, each space having at least two
points and x € X'. Then X' \ {x} is not normal.

The real line R can be embedded as a closed subspace
of the o-product of countably many copies of I (see [5]).
Corson [7] proved that

(1) if each X, is a separable metric space, then their o-
product is Lindelof, and

(2) if each X, is o-compact, then so is their o-product.
Therefore, the o -product of copies of R is Lindelof.

Concerning the normality of o -products, Kombarov [15]
proved the following theorem: If every finite subprod-
uct of {X,} is normal and if either (a) every X, is a
k-compact space (i.e., each open cover of cardinality < «
has a finite subcover) of character < « or (b) every X
is a strongly x-compact space (i.e., closure of each set
of cardinality < « is compact) of tightness < «, then the
o-product is normal and «-paracompact. By this theorem,
the o-product of copies of w; is normal. On the other
hand, K. Chiba [5] showed that there exists a non-normal
o-product such that every finite subproduct is normal (and
countably paracompact).

V.G. Pestov [24] proved: Assume that every finite product
of spaces X,,, n =1,2,..., is normal and countably para-
compact. Then the o-product of {X,: n=1,2,...} is nor-
mal and countably paracompact. Kombarov [16] proved: Let
o be a o-product of an uncountable number of spaces, each
space having at least two points, and x € . Then o \ {x} is
not normal. In particular, such a o-product is not hereditar-
ily normal. Later, Kombarov [17] improved this result to de-
duce that such a o-product is not hereditarily pseudonormal
and is not hereditarily countably paracompact. A space X is
pseudonormal if any two disjoint closed sets one of which
is countable are separated by open sets in X. Obviously, any
normal space is pseudonormal.

Several papers have investigated results for o -products of
the following type:

(x) Let P be a topological property. Let o be a o-product
of spaces. If each finite subproduct of ¢ has property P,
then o has P.

First, Kombarov [14] proved that (x) holds for P being para-
compactness and Lindelofness. After that, K. Chiba [4, etc.]

proved that (x) holds for P being the B-property, collec-
tionwise normality, shrinking, submeta-Lindelifness if o is
normal, and H. Teng [30] proved that () holds for P being
metacompactness. Recently, M. Sakai and Y. Yajima [29]
proved that (x) holds for P being subparacompactness and
submetacompactness.

On the other hand, K. Chiba [5] proved that (x) does not
hold for P being strong paracompactness, orthocompact-
ness and star-Lindelofness. A space X is called strongly
paracompact if every open cover of X has a star-finite open
refinement. A space X is called star-Lindelof if for every
open cover U of X, there is a countable subset A C X such
that St(A,U) = X.

(b) X-products and o-products with the box topology.
Y -products and o-products with box topology have been
studied, too. L.B. Lawrence [21] proved that if 2¢ = 2¢1,
then the X -product, that is,

> = {x e (w+ 1): {acw: xq Zw}is countable},

is non-normal (cf. X' with the Tychonoff topology is nor-
mal). The followings are not known:

(1) Is X non-normal in ZFC?
(2) Does CH imply that X' is paracompact?

For o -products, (x) holds for /P being paracompactness (this
was proved by van Douwen [10] in case of countable number
of spaces and by P. Nyikos and L. Platkiewicz [23] in case
of uncountable number of spaces). Refer to [KV, Chapter 9]
for unmentioned definitions of covering properties.
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b-4 Quotient Spaces and Decompositions

Let Y be a set. For a topological space X and a surjection
f:X—>Y, let T(f)={U CY: f~'(U) is open in X}.
Then 7 (f) is called the quotient topology (or identifica-
tion topology) for Y determined by f. (7 (f) is the largest
topology on Y such that the map f is continuous.) Let X
and Y be topological spaces. Let f: X — Y be a surjection.
Then f is called a quotient map (or identification map)
if the topology in Y is exactly 7 (f); that is, U is open
in Y if and only if f~1(U) is open in X, here we can re-
place “open” by “closed”. The space Y is called the quotient
space (or quotient image) of X by f. Also, f is called an
open map (respectively closed map) if the image of each
open (respectively closed) subset of X is open (respectively
closed) in Y. Every open (or closed) continuous map is a
quotient map. Every one-to-one quotient map is a homeo-
morphism.

Let X, Y, Z be topological spaces. Let f: X — Y,
g:Y — Z be surjections, and let # = g o f. Then the fol-
lowing basic facts hold:

(1) (a) If f is a quotient map, and # is continuous, then g
is continuous.
(b) If f and g are quotient maps, then / is a quotient
map.
(c) If h is a quotient map, and f and g are continuous,
then g is a quotient map.

(2) Let f be continuous. For A C X with f(A) =Y, if the
restriction f|A of f to A is a quotient map, then f is a
quotient map.

(3) Let f be a quotient map. For B C Y, if B is open or
closed in Y, or f is open or closed, then FAlae:))
is a quotient map; that is, the relative topology on B is
exactly 7(f|(f~1(B))).

Let X be a set. Let D be a decomposition (or partition)
of X; that is, D is a cover of X such that any two distinct
members are disjoint. Let

R={(x,y):x,y € D forsome D € D}.

Then R is an equivalence relation on X; that is, R is a
subset of X x X having the following properties: For every
x € X, (x,x) € R; if (x,y) € R, then (y,x) € R; and if
(x,y) € R and (y,2) € R, then (x, z) € R. Conversely, let
R be an equivalence relation on X, and let

R[x]= {y eX:(x,y)e R}.
Then D = {R[x]: x € X} is a decomposition of X. For

a topological space X and a decomposition D of X, let
P : X — D be the projection (i.e., P maps each point x € X

to the unique member of D containing x). Let X (D) be the
space D having the quotient topology determined by P (i.e.,
D' C D is open in X (D) if and only if P~1(D’) is open
in X). The space X (D) is called the decomposition space
of X by D. Namely, the decomposition space X (D) is ob-
tained from X by identifying the points belonging to the
same member of D, and a subset of X (D) is open if and
only if its inverse image by the projection P is open in X.
Here, we can replace “open” by “closed”. The space X (D)
is a T1-space if and only if every member of D is closed
in X.

Let X be a topological space, and R be an equivalence
relation on X. Let X/R be the set of all equivalence classes
of R, and let P: X — X/R be the natural map defined by
P(x) = R[x]. Let X/R be the space having the quotient to-
pology determined by the map P. The space X/R is called
the quotient space of X by R. For example, let R be the real
line with the usual topology, and let Ry = {(p,q): p —q is
an integer}, and R> = {(p, ¢): p — g is rational}. Then R/ R
is homeomorphic to a circle S', and R/R; is an indiscrete
space. Let X be a topological space. For A C X, let

Ra={(a,b):a,be AJU{(x,x):x € X — A}

and Dy = {{x},A: x € X — A}. Then X/Rs = X(Dy).
X /R4 is the space X with A identified to a point, [A], and
it is written X/A. For example, R/Z, Z is the integers in R,
is not metrizable. Let X be a topological space. Let D be a
decomposition of X. Then the decomposition space X (D)
is the quotient space X/R, where R = {(x, y): x, y € D for
some D € D}. Conversely, let R be an equivalent relation
on X. Then the quotient space X/R is the decomposition
space X (D), where D = {R[x]: x € X}.

Let X be a topological space. A decomposition D of
X is upper semi-continuous if for each D € D and each
open set U containing D in X, there exists an open set V
such that D C V C U and V is the union of members of
D; equivalently, for any closed subset F of X, | J{D € D:
D N F # ¢} is closed in X. Also, a decomposition D of
X is lower semi-continuous if for any open subset U of
X, U{D € D: DN U # #} is open in X. The projection
P:X — X(D) is a closed map (respectively open map) if
and only if the decomposition D is upper semi-continuous
(respectively lower semi-continuous).

For topological spaces X and Y, and a quotient map
f:X > Y, let D={f"'(y): yeY}and R = {(x,x):
f(x)= f(x")}. Then Y is homeomorphic to X (D) = X/R.
Also, f is closed if and only if D is upper semi-continuous.
For a metric space and an upper semi-continuous decom-
position D of X, X(D) is metrizable if and only if the
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boundary FrD of D is compact in X for every D € D
(in other words, the Hanai—-Morita—Stone theorem in [E]).
In particular, for a metric space X, X/A is metrizable if
and only if A is a closed subset of X with FrA com-
pact.

Let us recall “weak topologies”, which are very impor-
tant topologies closely related to “quotient topologies”. Let
A ={X,: a € A} be a family of topological spaces. Let
X = J{Xq: o € A}, and let

T(A)={U C X:UN X, isopen in X, for each o € A}.

Then 7 (A) is called the weak topology in X with respect to
(or determined by) the family A (cf. [1], etc.). (7 (A) is the
largest topology in X such that each inclusion map from X
into X is continuous. Note that F C X is closed in X if and
only if each F'N X, is closed in X,,.) Let X be a topological
space, and let C be a cover of X consisting of subsets, here
each subset is a subspace of X, but it is not necessarily open
or closed in X. Then X is said to have the weak topology
with respect to (or determined by) the cover C if the topology
of X is exactly 7 (C). For a topological space X and a cover
C of X, following [3], let us use “X is determined by C” in-
stead of “X has the weak topology with respect to C”. (The
term “weak topology” is used in a different way and meaning
by functional analysts, etc.) Every topological space is deter-
mined by any open cover of it. Let {X,: o € A} be a family
of topological spaces such that the topologies of X, and Xg
agree on Xo N Xg forany o, B € A. Let X = [ J{Xy: @ € A}
be the space having the weak topology with respect to the
family {Xq: o € A}. If X N X is closed (respectively open)
in X, for any «, B € A, then each X is a closed (respec-
tively open) subset of X retaining its original topology as a
subspace of X, thus, X is determined by the closed cover
(respectively open cover) {Xy: o € A}. When the spaces Xy
are pairwise disjoint, the space X is called the topological
sum (or direct sum) of {Xy: o € A} (hence, X is deter-
mined by the closed and open disjoint cover {X,: o € A}).
For a family {X,: n € N}, N = {1,2,3,...}, of topolo-
gical spaces such that each X, is a subspace of X1, let
X = J{Xn: n € N} be the space having the weak topology
with respect to {X,,: n € N} (hence, X is also determined
by the cover {X,: n € N}). Then X is called the induc-
tive limit (or direct limit) of {X,,: n € N}, and it is denoted
by X = li_n)an. For a topological space X determined by a
cover {Cp:n € N}, let X, = | J{Cp: m <n}foreachn e N.
Then X = li_n)an. Let X be a topological space, and let F
be a closed cover of X. Then X is dominated by F [5]
if the union of any subfamily G of F is closed in X, and
the union is determined by G. (Instead of “X is dominated
by F”, we sometimes use “X has the weak topology (in
the sense of K. Morita [9]); hereditarily weak topology; or
Whitehead weak topology, with respect to F”.) For a topo-
logical space X and a closed cover F of X, if X is dominated
by F, then X is determined by the closed cover F which
is closure-preserving, but the converse need not hold even
if F is countable. Every topological space is dominated by

any hereditarily closure-preserving closed cover of it. For
a topological space X = lim X,,, if all X,, are closed in X,
then X is dominated by {X,: n € N}. As is well-known,
every CW-complex (J.H.C. Whitehead, 1949) is dominated
by a cover of compact metric subsets. Let X be a topological
space dominated by a closed cover F. Then X is normal
(respectively paracompact Hausdorff) if and only if each
member of F is normal [5, 9] (respectively paracompact
Hausdorff [5, 10]). In particular, if each member of F is met-
ric, then X is an M;-space (i.e., a topological space with a
o-closure-preserving base) which is a countable union of
metrizable closed subsets.

Let X be a topological space determined by a cover
{Cy: o € A} (except (8)), and let ¥ and Z be topological
spaces. Let f: X — Y, and g:Z — X be surjections. Then
the following basic facts on weak topologies hold:

(1) If A is open or closed in X, then A is determined by
{ANCy:x e A}

(2) For a cover A of X, if each C, is contained in some
member of A4, then X is determined by A.

(3) Ifeach C, is determined by a cover P, then X is deter-
mined by | J{Pqy: « € A}.

(4) Ifeach f|C, is continuous, then f is continuous.

(5) (a) The map g is closed (respectively open) if and only

if each g|(g_1 (Cy)) is closed (respectively open).
(b) Let g be continuous. If each g|(g~'(Cy)) is a quo-
tient map, then g is a quotient map.

(6) (a) If f is a quotient map, then Y is determined by
{f(Cy): a € A}. The converse holds if each f|Cy,
is a quotient map.

(b) Let g be closed continuous. If Z is regular and X is
Ty, then Z is determined by (g7 (Cy): o € A).

(7) Let T be the topological sum of {C, x {a}: a € A}.
Define h:T — X by h((x,«)) = x. Then h is a quo-
tient map, and X is homeomorphic to the decomposition
space T (D), where D = {h_l(x): x € X}.

(8) Let X be a Tj-space having a cover P. Let P* =
{UZF: F C P is finite}. Then each countably compact
subset of X is contained in some member of P* if X is
either determined by P* such that P is point-countable
(i.e., each x € X is in at most countably many P € P)
[3], or X is dominated by P (with P closed).

We recall k-spaces and related spaces as classical quo-
tient spaces. We assume that all topological spaces are Haus-
dorff for the remaining parts. A topological space X is a
k-space (respectively sequential space [2]) if X is deter-
mined by the cover of all compact subsets (respectively all
compact metric subsets) of X. Here, in the parenthetic part,
we can replace “compact metric subsets” by “convergent se-
quences”. (A convergent sequence means the union of the
sequence and its limit point.) Also, we can omit “all”, and
replace “the cover” by “some cover”. A topological space is
a ky-space [7] if it is determined by a countable cover of
compact subsets. A topological space is a LaSnev space if
it is a closed continuous image of a metric space. A topo-
logical space X is a Fréchet space (or a Fréchet-Urysohn
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space) if, whenever x € A, then there exists a sequence in
A converging to x. A topological space X has countable
tightness (or it is countably tight) if, whenever x € A,
then x € B for some countable B C A. A topological space
has countable tightness if and only if it is determined by a
cover of countable subsets (cf. [8]). First-countable spaces,
or LaSnev spaces are Fréchet. Fréchet spaces are sequential.
Sequential spaces are k-spaces having countable tightness.
(k-spaces whose points are Gs-sets are sequential.) Locally
compact spaces and k,,-spaces are also k-spaces. Every to-
pological space determined by k-spaces is a k-space. Thus,
every locally k-space (i.e., each point has a neighbourhood
which is a k-space) is a k-space. We can replace “k-space”
by “sequential space (or space of countable tightness)”. As
is well known, every k-space is precisely a quotient space of
a (paracompact) locally compact space, and every sequen-
tial space is precisely a quotient space of a (locally compact)
metric space. Also, every k-space is precisely a quotient
space of a Lindeldf locally compact space. For other basic
properties of k-spaces and related spaces, see [E] (or [1]).

We recall canonical quotient spaces. Let « be an infinite
cardinal. For each B < «, let Lg be an infinite convergent
sequence having a limit point xg, and put Lo = {p,: n € N}
U{xo}. Let T, be the topological sum of {Lg: 8 < a}. Define
decomposition spaces S, of Ty, and A, of T, as follows: For
a decomposition

Dy = {{x}, Do: x € Ty — Dy},

Dy ={xp: B <a}, of Ty, let S = Ty (Dy); that is, Sy is the
quotient space obtained from T, by identifying all the limit
points xg to a single point. Also, for a decomposition

D= {{x}, {xn, pn}:xeTy,—E, ne N},

E = {x,, pn: n € N}, of T,, let A, = T,(D); that is, A, is
the quotient space obtained from T, by identifying the limit
point x, € L, with p, € Lo for each n € N. (S, is home-
omorphic to the quotient space A,/Lo.) The space S, is
called the sequential fan. The space A,, is called the Arens’
space, and it is denoted by S>. (For n < w, S, is defined in-
ductively in a different way from the spaces S, and S is the
space of R. Arens (1950).) The space S, is a LaSnev space
dominated by a cover of @ many convergent sequences.
While, S; is a sequential space determined by a cover of
countably many convergent sequences, but it is not a Fréchet
space. Let X be a topological space containing an infinite
convergent sequence with a limit point p. For each n € N,
let

Y, =X" x{p} x{p} x---

be a subspace of the countable product X“. Then the space
Y= h_n)l Y, contains a closed copy of S, and S>. (A (closed)
copy of a topological space S means a (closed) subset which
is homeomorphic to S.) In particular, the space R* = ll_H)l R”
is not even Fréchet.

The canonical quotient spaces S, (in particular, S,,, Se,,
Sr») and $> have played essential roles in the theory of quo-
tient spaces, products of k-spaces, k-networks, etc. Let us
give some of these topics. For details, see [MN, Chapter 8],
[12—14], for example.

A topological space X is called strongly Fréchet (F. Si-
wiec, 1971) (or countably bi-sequential [8]) if, whenever
{A,: n € N} is a decreasing sequence with x € A, — {x}
for every n € N, then there exist x, € A, such that the se-
quence {x,: n € N} converges to x. Strongly Fréchet spaces
are Fréchet. Strongly Fréchet spaces have been used in some
metrization theorems, characterizations for certain quotient
images of metric spaces, and products of Fréchet spaces (or
k-spaces); see [8], or [MN, Chapter 8], etc. The following
hold in view of [11]:

(1) A regular Fréchet space is strongly Fréchet if and only
if it contains no (closed) copy of S,,.

(2) Let X be a regular k-space in which every point is a
Gs-set, or a sequential hereditarily normal space. Then
X is Fréchet if and only if it contains no (closed) copy
of $».

A cover P of a topological space X is called a k-network
(P. O’Meara, 1971) if, for any compact set K and any open
set U with K C U, there exists a finite union S of members
of P such that K C S C U. When § = P € P, such a cover
P is called a pseudobase (E. Michael, 1966); and when K
is any singleton, as is well-known, P is called a network (or
net). Every base for a topological space is a k-network. In
1966, E. Michael proved that every quotient space of a sepa-
rable metric space is characterized as a k-space with a count-
able pseudobase (equivalently, a countable k-network); see
[8]. (Every quotient space of a separable metric locally com-
pact space is characterized as a k,-space with a countable (k-
) network.) k-networks have played important roles in char-
acterizations for certain quotient images of metric spaces,
generalized metric spaces and their metrizations, function
spaces, and products of k-spaces, etc. For these topics, see
[MN, Chapter 8], [3, 13, 14], for example. We note that a
topological space X is a k-space with a point-countable k-
network if one of the following cases holds:

(i) X is dominated by a closed cover of metric subsets.
(i) X is Lasnev.
(iii) X is a quotient space of a metric space M by a quotient
map f with each f~!(x) separable.

On the other hand, for a regular k-space X with a point-
countable k-network, the following (a), (b), and (c) are
equivalent [4]:

(a) X is first-countable (equivalently, X has a point-count-
able base [3]).

(b) X contains no (closed) copy of S, and no S>.

(c) X® is ak-space.

Thus, for case (i), (ii), or (iii) with X regular and M locally
separable, X is metrizable if (b) or (c) holds. (For case (ii),
we need not “X contains no (closed) copy of $;” in (b).)
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The result for case (iii) is, in other words, the following:
For a locally separable metric space X, and a decomposi-
tion D of X with each D € D separable, let the decompo-
sition space X (D) be regular. Then X (D) is metrizable if
and only if D satisfies the following: For Dgy, D,,, D;, € D
(n,m € N), here the case D,, = Dy for all n € N (omit-
ting Lo) is also admitted, if there exists a discrete family
{Lo, L,: n € N} of convergent sequences in X, where Lo =
{pn: n € N} U{po} with the limit point pg, L, = {xpu: m €
N} U {x,} with the limit point x,, po € Do, pn, Xy € Dy,
and x,, € Dy, then there exists a sequence {Dy,: n € N}
such that U{D,,m”: n € N}isnotclosedin X. Also, X (D) is
metrizable if and only if (X (D))® is a k-space.

Finally, let us review products related to quotient spaces
and quotient maps. In 1948, J.H.C. Whitehead proved the
following essential theorem which is often used in the the-
ory of products: For a locally compact space X, idx x f,idy
is the identity map on X, is a quotient map for every quo-
tient map f (the Whitehead theorem in [E]). Using this, in
1954, D.E. Cohen showed that, if X is locally compact, then
the product space X x Y is a k-space for every k-space Y
[E, 3.3.27]. However, as is well known, neither Q x S, Q is
the rationals in R, nor S, x Sy« is a k-space, here the latter
example is essentially due to C.H. Dowker (1952) (cf. [1]).
(We can replace “S,,” by “$>” in these examples.) The above
examples also show that even if f is an identity map and g
is a closed continuous map, f x g need not be a quotient
map. In 1968, E. Michael [6] proved that the following (a),
(b), and (c) are equivalent for a regular space X [E, 3.12.14]:

(a) X is locally compact (respectively locally countably
compact; that is, each point has a neighbourhood whose
closure is countably compact).

(b) idx x g is a quotient map for every quotient map g
(respectively quotient map g defined on a sequential
space).

(c) X x Y is a k-space (respectively sequential space) for
every k-space (respectively sequential space) Y.

In 1976, Y. Tanaka proved the following result holds for reg-
ular spaces X and Y: Let X be a first-countable space. Let
Y be a Fréchet space, or a k-space in which every point is a
Gs-set. Then X x Y is a k-space if and only if X is locally
countably compact, or Y is strongly Fréchet. (This result re-
mains true when Y is a sequential hereditarily normal space.
See [12] for generalizations of this result, and see [13] for
products of k-spaces having point-countable k-networks.)
The following are basic results on products:

(1) For topological spaces X; (i = 1, 2) determined by cov-
ers C;, the following hold:

(a) If C; is a locally finite closed cover by locally com-
pact subsets, then X| x X is determined by C; x C»
(={C1 x Cp: C; €Ci}).

(b) If C; are closed (or increasing) countable covers by
locally compact subsets, then X1 x X is determined
by C; x C3 (hence, X1 x X3 is a k-space).

(c) Let C; be a cover by locally compact subsets
(respectively regular, locally countably compact
sequential subsets), and let X, be a k-space (re-
spectively sequential space). Then X1 x X» is de-
termined by C; x C; if and only if it is a k-space
(respectively sequential space).

(2) For quotient maps f;:X; — Y; (i =1,2), if X; and
Y1 x Y, are k-spaces, then f; x f» is quotient ([7] or
[E, 3.3.28)).
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The concept of adjunction spaces was first introduced by
Borsuk [3] in 1935 for compact metric spaces, and used by
Hanner [4] and others to work out the theory of retraction or
to construct counterexamples in this and other places. Let X,
Y be topological spaces, simply called spaces from here. Let
H be a closed subset of X and f: H — Y be a continuous
map. We define the quotient space Z of the topological sum
X @Y by the classification

D={{phpeX\HJU|{f ' (pUlp):per}

In this case, we call Z the adjunction space of X and Y
obtained from f:H — Y, and denote it by Z = X Uy Y.
Letg: X ®Y — Z be the quotient map. Since g| X \ H: X \
H — g(X\ H)and g|Y:Y — g(Y) are homeomorphisms,
X \ H and Y are considered open and closed subspaces of
Z, respectively. Thus Z is the union of an open subspace
X \ H and a closed subspace Y, as Figure 1 shows.

From the definition, U C Z is open if and only if both
UNY and k~!(U) are open in Y and X, respectively, where
k=gl X: X— Z.

In the special case, when Y is a singleton, then the ad-
junction space X Uy Y, where f: H — Y is constant, is the
quotient space obtained from X by identifying all points of
H with the single point, and it is usually denoted by X/H.
In this case, the quotient map g: X — X/H is aclosed map.
Moreover, if H is a compact space, then g is in fact a perfect
map. In general, the quotient map g: X @Y — X Uy Y is
closed if and only if f is closed.

From the definition, the following holds: Let {X,: o € A},
{Y4: a € A} be collections of spaces such that X, N Y, =,
o € A. For each «, let f,: Hy, — Y, be a continuous map

X Y

T
[(z)
U
Y
X\H |
A
Fig. 1. Z.

of a closed subspace H, of Xy into Y,. Then (@a Xo) Uy
(P, Y«) is homeomorphic with the topological sum of the
adjunction spaces Xy Uy, Yy, @ € A, where f: @a H, —
@a Yy is a map such that f|H, = fo, o € A [E, 2.40(a)].
Let X;, Y;, i = 1,2, be spaces such that X; NY; =0, i =
1,2.Let f; : H; — Y; be continuous maps of closed subspace
H; of X; into Y; fori =1, 2. Then the product space (X1 Uy,
Y1) x (X2 Uy, Y>) is homeomorphic to the adjunction space
(X1 x X2) Uy (Y1 x Y2), where f:Hy x Hy — Y1 x Y3 is
the map defined by f1 x f> [E, 2.4D(b)].

After reviewing what has been done till now, the main
topic on adjunction spaces could be stated as follows: (x) Let
C be aclass of spaces. If both X and Y belong to C, then does
the adjunction space X Uy Y belong to the same class? It is
well known that if C is one of classes of perfectly normal
spaces, normal spaces, collectionwise normal spaces, para-
compact spaces, then this is the case for C.

For the class of metrizable spaces, this is not the case be-
cause X/A need not metrizable for a metrizable space X
and a non-compact closed subset A of X. For this problem,
Borges [2] showed that for metrizable spaces X and Y, Z =
X Uy Y is metrizable if Z is a space of point-countable type.
Similarly, YM. Liu and L.Y. Liu [5] showed Z =X Uy Y
with X, Y metrizable if and only if it satisfies the first-
countable axiom.

There are some positive results to the class of general-
ized metric spaces. If C is a class of stratifiable spaces,
then Borges [1] showed that (x) is true. Also, Mizokami [§]
showed the validity of (x) for the class of M3-u-spaces, or
equivalently M3-spaces with M -structures.

However, for the class of Mj-spaces, we do not know
whether (%) holds or not. It is not known even whether X /A
is an M1-space for an M-space X and a closed subset A of
X. In addition, this problem is equivalent to the M3 vs. M}
problem. Let P be a class of M;-spaces whose every closed
subset has a closure-preserving open neighbourhood base.
If X €’Pand Y is an M-space, then Z = X Uy Y is an M-
space, and if both X, ¥ € P, then so does Z [7].

As is well known, stratifiable spaces are factorized as
monotonically normal, semi-metrizable spaces. It is easy
to see that the adjunction space of semistratifiable spaces
is semistratifiable. For monotonically normal spaces, this is
also the case, as shown by Sannou [13].

For Ggs-diagonal properties, Mizokami [10] has shown
that if X, Y are Ti1-spaces with a Gs-diagonal and H is a
closed Gs-set of X and f : H — Y is a continuous map, then
X Uy Y has a Gs-diagonal.

Nagami defined L-spaces [11] and free L-spaces [12]
in terms of anti-covers as nice generalizations of Lasnev
spaces. Concerning the adjunction spaces of these spaces,
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Miwa first showed that X Uy Y is a free L-space if X is
metrizable and Y is a free L-space [6]. This is refined in
[9] as follows: X Uy Y is a free L-space even if X is an
L-space.
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All spaces are assumed to be Hausdorff topological spaces.
In order to define the various fopologies on the collection
of closed subsets of a space X, we consider the following
collections of sets:

(1) CL(X) ={E: E is closed in X},

(2) 2X ={E: E is closed in X and E # #},

(3) K(X) ={K €2%: K is compact),

(4) F(X)={F: F is a non-empty finite set of X}.

When these collections are topologized, they are called
hyperspaces of X. The first step toward topologizing 2%
was taken by F. Hausdorff [8], who defined a metric pg on
2X later called the Hausdorff metric, in the case when X
is a bounded metric space as follows: For A, B € 2%,

pii (A, B) = max{sugp(a, B), sup(, m}.
ae €

where p is a metric on X.

The so-called Vietoris topology was introduced by L. Vi-
etoris [24] and later its basic neighbourhoods were identified
by E.A. Michael in [14], under the name of finite topology.
This topology has a subbase consisting of all sets of the form
(U, VYU,V are open in X}, where

U~ ={Aae2*:AnU #0},
vi={Ae2X:AcvV}
This topology has the base consisting of all sets of the form

(Ur,....Ux) ={Ae2*: AcU,U--- U
andUiﬂAqéQfori:l,...,k},

where {Uj, ..., Ui} is a finite family of open subsets of X.
K(X) and F(X) are considered as subspaces of 2%, From
here on, we denote the Vietoris topology by 7y . In analyzing
hyperspaces with this topology, the following basic relations
are often useful:

(1) <U177Um>m<vlvs%l)z(UlnvssUmﬂvy
Unviy,...,UNV,), where U =J/_,U; and V =
Q2) (Ui, sUp) C (Vi Vo) = U U € Uy Vi

and for each i, there exists j such that U; C V;.

(3) Cly, ((Uy, ..., Un)) = (U1, ..., Un).

(4) If U is an open cover of X, or a base for X, then the
collection

LU Uy, ..., U el,
k=1,2,...}

(U)I{(Ul,...

is an open cover of K(X), or a base for C(X), respec-
tively.

(&) X= {{x}: x € X} is a closed subspace of 2% and F(X)
is dense in 2%.

(6) For amap f:X — Y, let us define set-valued maps as
follows:

f*K(X) — K(X) by f5(E) = f(E),
Ty > 2%by ) =710,
fCLy) — 2X by £ (E) = FTUE).

Then the following hold: (i) f* is continuous (a home-
omorphism) if and only if f is continuous (a homeo-
morphism), (ii) f~!* is continuous if and only if f is
open and closed, (iii) f~"** is continuous if and only if
£~ is continuous. (These statements are mainly due to

[14].)

The main themes in studying hyperspaces of a space X
are summarized in the following two points:

(1) to investigate what properties of X are carried over to
2% K(X) or F(X),

(2) to determine whether 2%, IC(X), F(X) belong to C or
not if X belongs to C for a class C of generalized metric
spaces or spaces with some special properties.

Basic properties such as compactness, connectedness, sepa-
ration axioms were studied by Michael [14]. Some of these
results are as follows: X is regular if and only if 2% is Haus-
dorff; X is completely regular if and only if 2% is a Stone
space; X is normal if and only if 2% is completely regular if
and only if 2% is regular; X is compact if and only if 2% is
compact; X is compact metrizable if and only if 2% is com-
pact metrizable if and only if 2% is metrizable; in particular,
for compact metric spaces both the Vietoris topology and
the Hausdorff metric topology are compatible. For K(X),
the following properties of both X and K(X) are equiva-
lent: Being Hausdorff, being a Stone space, being compact
Hausdorff, being metrizable, being zero-dimensional, being
totally disconnected, being second-countable.

But this is not the case for being first-countable. In fact,
there exists a compact first-countable space X such that
K(X) is not first-countable. R.E. Smithon [20] gave the fol-
lowing necessary and sufficient condition for KC(X) to be
first-countable: for each K € K(X), there exists a count-
able collection V of open sets of X such that whenever
{U1,...,U,} is a minimal finite open cover of K there ex-
ists a minimal finite cover {V1, ..., V;;} C V of K such that
Uj=1 V; C U=, Ui and for each i there exists j such that
V; CUi.
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As a cardinal invariant, Coban proved that for a space X,
x(K(X)) <a>=Rpifandonlyif d(K) <« and x(K, X) <«
foreach K € K(X), where x and d are the cardinal functions
called the character and the density of the space. Coban
also proved that for a compact space X, x (2X )<a>Rpif
and only if 2d(X) <« and x(A, X) < « for every A € 2X,
where hd is the cardinal function called hereditary density
[E, 3.12.26(d)].

Normality and paracompactness do not behave well with
respect to hyperspaces. V.M. Ivanova showed that even
if X is a countable discrete space, 2% need not be normal
[E, 2.7.20(f)]. J. Keesling [11] showed that if 2% is nor-
mal, then X is countably compact and that the following are
equivalent: (a) X is compact, (b) 2% is compact, (c) 2% is
Lindelsf and (d) 2% is paracompact. He also proved that
under the assumption of the Continuum Hypothesis nor-
mality of 2% is equivalent to compactness of X, [12]. Later
N.H. Velichko [23] proved that 2% is normal if and only if X
is compact.

As for inverse limits, S. Sirota proved that if S =
{Xa, ng‘, A} is an inverse system of spaces, then

S={K(Xa). (7§)". A}.

where (ng)*:lC(Xa) — K(Xp) is defined above, is also
an inverse system and limS is homeomorphic to the space

IC(@ S), and if S is an inverse system of compact spaces,
then

S={CL(Xa), (n§)". A}

is also an inverse system such that 1(1315: is homeomorphic to
CL(l(i£1 S) [E, 3.12.27(f)]. Using this result, it is proved that
K(X) is Cech-complete if and only if X is Cech-complete,
[E, 3.12.27(g)] and that KC(X) is realcompact if and only
if X is realcompact, [E, 3.12.27(h)]. For completeness of
metric spaces, K. Kuratowski [13] showed that if a met-
ric space (X, p) is complete, then (C(X), py) is complete.
K. Morita [17] proved that if @ is a uniformity compati-
ble with the topology of a completely regular space X, then
(@) = {{U): U € &} is a uniformity of (X) compatible
with the topology of KC(X), where (/) is the same as above
for an open cover U of X, and that K(X) is complete with
respect to (@) if X is complete with respect to @.

Recalling the bad behavior of normality and paracom-
pactness to 2X stated above, it is better to restrict our interest
to IC(X) and F(X) for the study of the case of generalized
metric spaces.

With respect to positive results, there are only a limited
number of cases that apply to K(X). If C is one of the classes
of metrizable spaces, Moore spaces, Xo-spaces in the sense
of Michael, R-spaces in the sense of P. O’Meara or para-
compact R-spaces, then both K(X) and F(X) belongs to C
whenever X belongs to C. If X is a paracompact p-space in
the sense of A.V. Arhangel’skii, then IC(X) is a paracompact
p-space, but F(X) need not be so. The former part follows

from the fact that f*, in the above, is perfect if f:X — Y is
perfect [4].

There are spaces indicating bad behavior of X(X) and
F(X) in terms of the preservation of generalized metric
spaces as follows:

(1) There exists an M3-space X such that C(X) is neither
normal nor a k-space or a o-space [3].

(2) There exists a compact space X such that 7 (X) is nota
wA-space [15].

(3) There exists a countably compact space X such that
Fo(X)={F e F(X): |F| <2} is not a wA-space [15].

(4) There exists a space X with a Gs-diagonal such that
K(X) has no Gs-diagonal, [15].

(5) There exists an M3-space X such that IC(X) is not a
X -space [15].

(6) There exists a paracompact X' -space X such that F(X)
is not a X'-space [15].

(7) For the Sorgenfrey line S, F>(S) is not a d-paracompact
in the sense of Brandenburg [16].

(8) There exists a countable Lasney space X such that F(X)
is not a free L-space in the sense of Nagami [18].

(9) There exists a space X such that all finite power of X are
MN (= monotonically normal), but X is not linearly
stratifiable such that F(X) is MN but not M3 [7].

Being an M3-space, being a paracompact o -space, being
a o-space, and having a Ggs-diagonal of X are preserved
to F(X), but not to C(X). Being a Lasnev space, being an
L-space in the sense of K. Nagami, being paracompact, be-
ing a wA-space, being an M-space in the sense of Morita,
being a X'-space, and being countably compact of X are pre-
served by neither K(X) nor F(X).

For M3-ness of K(X), it is proved in [7] that C(X) is
M3 if an M3-space X contains two disjoint convergent se-
quences and KC(X) is separable MN.

There are other things to be noted. If X is a compact space,
then assigning to each f € Cy (X, Y), the mapping space with
compact-open topology, the graph G(f) C X x Y defines a
homeomorphic embedding of Cx(X,Y) in (X x Y), and
assigning to each pair (f, A) € Cx(X,Y) x K(X) the image
f(A) € K(Y) defines a continuous map [E, 3.12.27].

In 1962, J.M. Fell [6] introduced another topology on hy-
perspaces, called the Fell topology. This topology has its
subbase consisting of all sets of the form V ~, where V is an
open set of X, plus all sets of the form (X \ K )T, where
K € K(X). In other words, Fell topology is the topology
with a base consisting of all sets of the form (Uy, ..., Uy),
where {Uq, ..., U,} is a finite collection of open sets of X
such that X \ (J/_, U; € K(X). From here, we denote the
topology by tF.

As for separation axioms of 7 G. Beer and R. Tamaki [2]
proved that the following are equivalent:

(a) (2%, tr) is Hausdorff,

(b) (2%, tF) is regular,

(c) 2%, tp)is completely regular,
(d) X islocally compact.
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L. Hol4, S. Levi and J. Pelant [10] proved that the following
are equivalent:

(a) 2%, tp) is normal,

(b) X, 1F) is paracompact,

(c) (2%, tr) is Lindelsf,

d) X, 1F)is o-compact and regular,
(e) X islocally compact and Lindelof.

According to Beer [1, Theorem 5.1.5], the following are
equivalent:

(a) (2%, 1) is metrizable,

(b) (2%, tr) is a Polish space,

(c) (CL(X), tF) is compact metrizable,

(d) X is locally compact and second-countable.

Fell [6] himself proved the following:

(1) (CL(X), tF) is compact for any space X.

(2) If X is locally compact, then (CL(X), tr) is compact
Hausdorff.

(3) If we let H(X) = Cl;.{{x}: x € X} C CL(X), then
H(X) is the Hausdorff compactification of X.

(4) If X is a compact space, then H(X) and X are the same
under the identification of x and {x}.

(5) If X is locally compact, but not compact, then H(X) is
the one-point compactification of X with ¢ the point at
infinity.

The concept of hit-and-miss topology stems from gener-
alizing both of the topologies of Vietoris and Fell, and it
has been studied by H. Poppe, Beer, Tamaki, G. Di Maio,
and Hold. Let A be a non-empty subcollection of 2% for
a space X. By the hit-and-miss topology t, determined
by A, we mean the topology having the subbase consisting
of all sets of the form V™~ with V open in X and all sets of the
form (X \ B)™ with B € A. Itis needless to say that Vietoris
topology is the one determined by A = 2% and Fell topology
isby A = K(X). In terms of A, the upper A-topology rj is
defined as the topology generated by 2% and the collection
of all sets of the form (X \ B)* with B € A. Similarly, the
lower Vietoris topology 7,, is one generated by the collec-
tion of all sets of the form V™~ with V open in X. It is easy
to see that 74 is the join of 7|, and ‘CI. Concerning the sepa-
ration axiom of 74, Hold and Levi [9] proved the following:

(1) (2%, 74) is Hausdorff if and only if whenever V is a
neighbourhood of x, there exist D1, ..., D, € A with

n n
xelt| Jp;c|JDicV.
i=1 i=1

(2) (2%, 7,) is first-countable if and only if (2%, 7}) and
(2%, 1y/) are first-countable.

(3) Let A contain the singletons. Then the following are
equivalent: (a) (2%, 7,) is metrizable, (b) there exists
a countable family A’ C A such that for every B € A
and every open neighbourhood V of B, there exist

Bi,..., B, € A’ with

n n
BcIntUBi c UB,- cV.
i=1 i=1

(c) (2%, t,) is second-countable and uniformizable.

As for other properties and relation to the other topologies,
refer to Beer [1].

C. Pixley and P. Roy [19] constructed a non-separable ccc
(= countable chain condition) Moore space by introducing
a new topology to F(R). E.K. van Douwen [5] extended the
idea of Pixley and Roy to create a new topology on 2% for
any space X, which is called Pixley—Roy topology, denoted
by pr. For subsets A and U of X, we define

[A,Ul={Ee2": ACECU}.

Then 7pR is the topology with a base {[A, U]: A € 2X and U
is an open neighbourhood of A}. Obviously tpR is finer than
7y . The following are due to van Douwen [5]:

(1) If X is a first-countable space, then (F(X), tpr) is a
Moore space.

(2) For any space, (F(X), tpr) is hereditarily metacom-
pact.

H. Tanaka [22] showed that for a metric space M, the follow-
ing are equivalent: (a) (F (M), tpr) is normal, (b) (F (M),
Tpr) is countably paracompact, (c) M is an almost strong
g-set (a set M is called an almost strong g-set if for each
natural number n every subset A of M" with the property
T(A) = A for each permutation t of {1, ...,n} is an F,-set
of M"). He also considered in another paper [21] metrizabil-
ity and being an M1-space of (F(X), tpr).
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b-7 Cleavable (Splittable) Spaces

Let P be a class of topological spaces. A space X is cleav-
able over P, or splittable over P, or P-cleavable, or
‘P-splittable provided that for every set A C X there exist
a space Z € P and a continuous map fa:X — Z (depend-
ing on A) such that f4(A) N fa(X \ A) =@, or equivalently,
A= f;l(fA (A)). If Z is a space, then a space cleavable
over the class {Z} consisting of a single space Z is called
cleavable over Z or splittable over Z. A space X is called
cleavable or splittable if it is cleavable over the class of sep-
arable metric spaces (or equivalently, if it is cleavable over
the Hilbert cube 1°).

The general notion of a P-cleavable space is due to
Arhangel’skii [1], while cleavable spaces were introduced
(under the name “splittable spaces”) and extensively studied
in [7].

The original motivation for introducing splittable spaces
in [7] came from C,(X)-theory. We say that a space X has
the property of countable functional approximation if for
every real-valued function f:X — R defined on X there
exists a countable family of real-valued continuous functions
{fu: n € w} defined on X such that for any ¢ > 0 and every
finite set ' € X one can find an n € w for which | f(x) —
fu(x)| < e forall x € F. In other words, X has the property
of countable functional approximation if and only if

R¥ =[c0)], = |E: ECC). [E|< o),

where R is the set of all real-valued functions on X
equipped with the Tychonoff product topology, C(X) is
its subspace consisting of all continuous real-valued func-
tions defined on X and the bar denotes the closure in RX.
This property was introduced in [11] and studied extensively
in [7]. One of the main results in [7] is that a Tychonoff
space has the property of countable functional approxima-
tion if and only if it is cleavable.

The concept of cleavability generalizes the notion of one-
to-one continuous map. Indeed, if f: X — Z is a one-to-one
continuous map from X into Z, then X is obviously cleav-
able over Z because the same map f can be taken as fyu
for all subsets A of X simultaneously. It is therefore nat-
ural to expect that some topological results about spaces X
that admit a one-to-one continuous map into a space from
class P may remain valid under a weaker assumption that X
is cleavable over P.

Let us give one particular example of this general con-
jecture. Since a one-to-one continuous map from a compact
space X onto a Hausdorff space is a homeomorphism, one
may then expect that, for some “natural” subclasses P of
the class of all Hausdorff spaces, a compact space cleavable
over P must be homeomorphic to a subspace of some space

from class P. An example of positive result in this direction:
a compact space cleavable over the reals R is homeomorphic
to a subset of R [3].

When the class P is hereditary with respect to subspaces,
we get the following particular case of the above conjecture:
for many natural classes P of spaces it should be true that
if a compact space X is cleavable over P, then X belongs
to P [2]. This conjecture holds for the following classes P:
spaces of cardinality < t [2], countably tight spaces [1],
sequential spaces [1], Fréchet-Urysohn spaces (Kocinac),
bisequential spaces [2], first-countable spaces [2], metriz-
able spaces [7], spaces with Gs-diagonals [1], symmetriz-
able T»-spaces [1]. It is not known if this conjecture holds
when P is the class of linearly ordered topological spaces
(LOTS) but the answer is positive under the additional as-
sumption of connectedness: If a continuum X is splittable
over the class of all linearly ordered topological spaces, then
X itself is a linearly ordered topological space [10]. Further-
more, if a continuum X of cardinality < 2¢ is splittable over
a linearly ordered topological space L, then X can be em-
bedded into L [10].

Some of the above results hold even for more general
spaces close to being compact. If a Hausdorff countably
compact space X is cleavable over the class of all sequen-
tial (Fréchet—Urysohn) Hausdorff spaces, then X is sequen-
tial (Fréchet—Urysohn) [2]. If a k-space X is cleavable over
the class of all spaces of countable tightness, then the tight-
ness of X is countable [2]. If a k-space X is cleavable over
the class of all Fréchet—Urysohn spaces, then X is sequen-
tial [2]. If a pseudocompact space X is cleavable over the
class of all metric spaces, then X itself is metrizable [7].

For a fixed natural number n, let Pgim(n) be the class of
all compact spaces Y with dimY < n, Pjng(n) be the class
of all compact spaces Y with indY < n, and Prpg(n) be the
class of all compact spaces Y with IndY < n. If P is any of
the above three classes, it is not known if a compact space
cleavable over P must belong to P or not [5]. A positive
answer to this question for the class Pgim(n) is known to
be consistent with ZFC [5]. Furthermore, the answer for all
three classes is positive in case n = 0, as can be seen from
the following more general result: If a space X is cleavable
over the class of totally disconnected Hausdorff spaces then
X itself is totally disconnected [5]. If a pseudocompact space
X is cleavable over the class of all metrizable spaces Y such
that dim Y < n, then dim X < n (Tkachuk).

Let us now summarize principal results of Arhangel’skif
and Shakhmatov [7] about the classical cleavability (over
R®).

Every cleavable space has a countable pseudocharac-
ter but there exists a normal ccc strongly o-discrete (i.e.,
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a union of a countable family of its closed discrete sub-
spaces) cleavable space that does not admit a one-to-one
continuous map onto a bisequential (in particular, first-
countable) space. (A space with somewhat weaker properties
was first constructed in [11].) A space with a single non-
isolated point is cleavable if and only if its pseudocharacter
is countable.

A pseudocompact space is cleavable if and only if it is
metrizable. A Lindelof space is cleavable if and only if it has
a weaker separable metric topology. In particular, Lindelof
spaces with a Gs-diagonal, spaces with a countable network
are cleavable. A Lindelof scattered space is cleavable if and
only if it is countable. A Lindelof X-space is cleavable if
and only if it has a countable network.

A Cech-complete cleavable paracompact space is metriz-
able but there exists a nonmetrizable locally compact cleav-
able space. Nevertheless, a Cech-complete cleavable space
always has a dense subspace metrizable by a complete met-
ric. A locally compact metric space need not be cleav-
able. A cleavable complete metric space has cardinality 2%.
A complete metric space without isolated points is cleavable
if and only if it has cardinality 2¢. A cleavable paracompact
p-space is metrizable.

If a space X is covered by an increasing sequence of its
subspaces {X,: n € w} such that each X, is cleavable and
C*-embedded in X, then X itself is cleavable. In particu-
lar, a normal space that can be represented as a union of
an increasing sequence of its closed cleavable subspaces is
cleavable. Therefore, a normal space covered by a count-
able family of its closed discrete subspaces is cleavable. This
yields cleavability of perfectly normal metacompact scat-
tered spaces (in particular, metrizable scattered spaces).

The class of cleavable spaces is not closed under products:
the product I x D(t) of the closed interval I and the discrete
space D(t) of size t is cleavable if and only if T < 2% (note
that both 7 and D(7) are trivially cleavable).

If X is a cleavable space, then 21X L g, 2d(X), where
d(X) is the density of X. If X is a cleavable space and
|X| > 22°, then |X| < 29 Under the Generalized Con-
tinuum Hypothesis GCH, a cleavable space X with X > 22"
satisfies the equality | X| = d(X). Itis an open question if the
same equality can be proved in ZFC. In a cleavable space the
closure of every countable subset has size not bigger that 2¢.
Under GCH, the closure of every subset of size <2 in a
cleavable space has size < 2¢. Again, it is an open question
if GCH is necessary in this result.

It is unclear if every cleavable space is Dieudonné com-
plete. However, if a space X is cleavable and the cardinality
of X is an Ulam nonmeasurable cardinal, then X is real-
compact [4].

Cleavability over finite dimensional Euclidean spaces R”
is of special interest. If a compact space X is cleavable over
R”, then dim X < n [12]. If a separable n-dimensional man-
ifold is cleavable over R”, then X is homeomorphic to an
open subspace of R”; in particular, a compact n-dimensional
manifold is not cleavable over R” [5]. This implies that the
n-dimensional sphere S” is not cleavable over R", and there-
fore R"*! is not cleavable over R” [5]. If a separable space

X is cleavable over R”, then there exists a one-to-one con-
tinuous map of X into R"*!; in particular, a compact space
cleavable over R” can be embedded into R"*! (Yaschenko).
It is well known that the n-dimensional skeleton X, of a
(2n + 1)-dimensional simplex cannot be embedded into R?",
and therefore X,, is not cleavable over R>~! by Yaschenko’s
result. This should be compared with a positive theorem of
Tkachuk: An n-dimensional compact polyhedron is cleav-
able over R?" [12]. The complete graph with five vertices
is a one-dimensional compact polyhedron that cannot to be
embedded into the plane R? but is cleavable over R It is not
known if every compact n-dimensional manifold is cleav-
able over R2" [5].

Arhangel’skil also studied spaces cleavable over the real
line R and the rationals Q [3, 4]. A specific result that does
not hold for cleavability over the plane R? was mentioned
earlier: a compact space cleavable over R is homeomorphic
to a subspace of R. No characterization of spaces cleavable
over R is known but Arhangel’skii [4] found a characteri-
zation of spaces cleavable over Q: A space X is cleavable
over Q if and only if it is a strict Q-space, i.e., if for every
subset A of X there exist increasing families {A,: n € w} and
{Bn: n € w} of closed sets in X such that A = J{A,: n € w},
X\ A={By: n € w} and for each pair A, By there exists
a clopen subset C,, of X with A, € C,,, B, € X \ C,. Every
strict Q-space is trivially a Q-set space, i.e., all its subsets
are Fy-sets, and so a space cleavable over Q is a Q-set space.
A (Q-set space with Ind X =0 is a strict Q-space, and thus
cleavable over Q. A space is cleavable over Q if and only if
it is cleavable over the class of countable spaces [4].

A space X is said to have a small diagonal if for every
uncountable set A C X2 \ A, there is an open neighbour-
hood U of A in X2 such that A \ U is uncountable, where
A ={(x,x): x € X}. A cleavable space has a small diagonal
[6]. A major problem left open in [7] was whether a cleav-
able space must have a Gs-diagonal. This question was an-
swered negatively by Balogh [8] who gave an example of
a paracompact Q-space X without a Gs-diagonal such that
Ind X = 0. By the results mentioned in the previous para-
graph this X is cleavable over Q (and thus over R® as well).

A topological space X is metrizable if and only if the
product of X with any metric space is cleavable over the
class of all metric spaces [9].

Every space can be represented as an image of a paracom-
pact cleavable space under an open map [7]. Open perfect
maps preserve cleavability, while perfect or open and closed
maps do not [13].

The concept of cleavability in a most general setting is
defined as follows. Let P be a class of topological spaces
and let M be a class of maps. Arkhangel’skii [1] calls a
space X M-cleavable over P (also called M -splittable
over P, (M, P)-cleavable, (M, P)-splittable) provided
that for every set A € X there exist a space Z € P and a
map f4:X — Z (depending on A) such that f € M and
fa(A)N fa(X \ A) = 0. The most interesting classes M of
maps considered are closed maps and perfect maps. This line
of investigation is being carried out by A.V. Arhangel’skii,
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A. Bella, M. Bonanzinga, F. Cammaroto, L.D. Koc¢inac,
G. Tironi, A. Yakivchik and others.
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b-8 Inverse Systems and Direct Systems

1. Ordered sets

A preordering (or quasi-order) on a set A is a binary rela-
tion < on A which is reflexive, i.e., L < A foreach L € A,
and transitive, i.e., A <1’ and A’ < A" implies L < 1”. The
preordering < is an ordering when it is antisymmetric, i.e.,
A<M\ and A < A imply A = A’. A preordered set (A, <) is
directed provided, for each A', A" € A, thereis a A € A such
that A/, 7 < L. We say (A, <) is cofinite preordered set
provided it is an ordering and each element A € A admits
only finitely many predecessors, A1, A2, ..., Ay < A.

The set N = (N, <) of all positive integers with the usual
order < and a singleton set {x} are cofinite directed ordered
sets.

A function f:M — A between preordered sets M =
(M,<) and A = (A, ) is increasing provided f(u) <
fu') for p < p'in M.

2. Direct systems and limits

A direct system {X;, p,,/, A} of topological spaces con-
sists of a directed ordered set A = (A, <), topological
spaces X, for A € A, and continuous maps p;, : X, — Xy
for A < A’ (the bonding maps) satisfying the conditions
Py = id for A € A and Pa'a” Pax = Dar’ for A < A < A7

A direct sequence {X;, p; i+1} of topological spaces is a
direct system {X;, p;i’, N} where

Pii’ = Pi+k,i’ © 0 Pi+1,i+2 © Pi,i+1

fori’=i+k+1and p;jy =idfori’ =1i.

For any direct system {Xy, py,/, A}, consider the direct
sum Y_ X,. Two elements x, € X, and x € X, are said to
be equivalent if pj;(x;) = py/ar(xy) for some A > A, ).
This relation R defines an equivalence relation on > X;,
and the quotient space X =Y X, /R is called the direct
limit (or limit, for short) of {X;, p;,’, A}. Then the natural
projections p) : X, — X for A € A satisfy p; = p, p, for
Y

In a similar way, direct systems of sets, (Abelian) groups
are defined, and their limits exist.

3. Inverse systems and limits

An inverse system {X,, p,y, A} of topological spaces con-
sists of a directed ordered set A = (A, <), topological
spaces X, for A € A, and continuous maps p,, : X, = X,
for A < A’ (the bonding maps) satisfying the conditions
Py = id for A € A and Py Paar = Pan’ for A < A < A7

An inverse sequence {X;, p; ;+1} of topological spaces is
an inverse system {X;, p;i’, N} where

Pii’ = Pi,i+1 © Pi+1,i42 0+ O PDitk,i’

fori’=i+k+1and p;y =idfori’' =1i.

The inverse limit (or limit for short) of {X;, p,, A}
is the subspace of the product [, ., X, consisting of all
points x = (x;) such that py;/(x;/) = x for A < A’. Then
the projections p) : X — X, for A € A satisfy py = pu pw
for A < A/.

The limit X of an inverse system of (non-empty) compact
Hausdorff spaces X, is a (non-empty) compact space. How-
ever, this is not true for noncompact spaces. For example, the
inverse sequence consisting of the open intervals (0, 1/n)
(n=1,2,...) and inclusions has an empty limit.

In a similar way, inverse systems of sets, (Abelian) groups,
compact spaces, topological groups are defined, and their
limits exist as a set, (Abelian) group, compact space, topo-
logical space, respectively. However, the limit of an inverse
system of compact polyhedra does not exist as a compact
polyhedron in general. For example, there is a decreasing
sequence of compact polyhedra whose intersection X is not
a polyhedron. Such a sequence is viewed as an inverse se-
quence {X;, p; i+1} with each p; ;41 being an inclusion and
its limit being X. Moreover, if we consider an inverse system
{X, pyy, A} of topological spaces with each p;,’ being ho-
motopy classes, its limit may not exist at all ([14, p. 56], [4]).

In general, we can define an inverse system and its
limit for a category C as follows: An inverse system X =
{X,., pay» A} in the category C indexed by A consists of a
directed ordered set A = (A, <), of objects X, for L € A,
and of morphisms p;;;: X, — X, for A < )’ satisfying the
conditions: p;; = id for A € A and py, pyrr = pay for
A<A <A

Before we define limits in C, we will introduce the notion
of pro-category.

A system morphism f = {f, f,}: X — Y between in-
verse systems X = {Xj, pyy, A} and Y = {Y},, qu, M}
consists of a function f:M — A, of morphisms f:
X () — Y, in the category C satisfying the condition

Forany 1, u' € M with u </, thereisa i e A
such that f(u), f(u') <X and

JuPraon = quuw fuw P -

If Z={Z,,r,y, N} is an inverse system in C and if g =
{g,8v}:Y — Z is a system morphism, then we define the
composition of morphisms h = {h,h,}: X — Z of f
and g as follows: h = fg:N — A and h, = gy fe):
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Xpw) — Z, for each v € N. Thus the defined h is a sys-
tem morphism, and the associativity of compositions holds.
We can also define the identity morphism 1y = {1, 1x,}:
X —> Xwherel=14:4— Aand ly, : X; — X are the
identities. Thus, all inverse systems and system morphisms
form a category inv-C.

Now we define an equivalence relation = on system mor-
phisms as follows: Let f' = {f’, f;}: X — Y be a system
morphism. We say that f is congruent to f’, in notation,
f = f/, provided that for each i € M there is a A € A with
F), f'(w) <xand fuproor = fPfuwa- The equiva-
lence class of the system morphism f is denoted by [ f]. Itis
easy to see that composition in inv-C induces a well-defined
composition of equivalence classes. Thus, all inverse sys-
tems and all equivalence classes of system morphisms form
a category pro-C, which is called the pro-category of C.

In particular, if f:(X) — Y is a morphism of pro-C
from a rudimentary inverse system, i.e., an inverse sys-
tem indexed by a singleton (X), to an inverse system
(Y, quu, M}, then it satisfies the property:

(PRO)) fu =quw f for pu < W

A limit of an inverse system X is a morphism p: X — X
in pro-C for some object X of C with the universal property:

(UP) For any morphism p’: X’ — X in pro-C, there exists a
unique morphism f: X’ — X of C such that p f = p’,
that is, py f = pj foreach A € A.

Consequently, if a limit exists, it is unique up to natural iso-
morphism. We refer to an object X, denoted by lim X, and
a morphism p: X — X as a limit and a natural projection,
respectively.

Every inverse system in C has a limit provided the follow-
ing two conditions are satisfied:

(L1) Every collection of objects has a product in C; and
(L2) Every pair of morphisms fo, f1: X — Y has an equal-
izer, i.e., a morphism j : Y — Z such that

(1) jfo=jfi;and

(2) If j/:Y — Z’ is another morphism such that
J' fo=J' f1, then there is a morphism h:Z — Z'
such that hj = j'.

In this case, any system morphism f:X — Y induces a
morphism f, denoted by lim f: limX — limY in C, such
that g, f = fuprq for any w, which defines a functor
lim : pro-C — C.

Let Top denote the category of topological spaces and con-
tinuous maps. The following are the full subcategories of
Top that are often used in general topology:

Notation  Objects

Top3 5 Tychonoff spaces

CTopsz s  Dieudonné complete Tychonoft spaces
CH compact Hausdorff spaces

CM compact metric spaces

ANR Absolute Neighborhood Retracts

Pol polyhedra with the CW-topology

4. Approximate limits and approximate resolutions

Compact spaces X are often studied by expressing X as the
limit of an inverse system of compact polyhedra, whose idea
goes back to the work of P.S. Alexandroff [1] (see also [5,
6, 9]). Indeed, every compact Hausdorff space X admits
an inverse system X = {X;, py», A} and an inverse limit
p:X — X. Moreover, the limit of any inverse system of
non-empty compact Hausdorff spaces is a non-empty com-
pact space. However, the theory of inverse limits of non-
metric compact spaces has some defects. A classical result of
H. Freudenthal [6] asserts that every compact metric space
X with dim X = n is the limit of an inverse sequence of finite
polyhedra of dimension < n. However, this result cannot be
generalized to compact Hausdorff spaces as pointed out in
[10,23].

S. Mardesi¢ and L. R. Rubin [13] then introduced the no-
tion of approximate inverse limits, and many theorems for
compact metric spaces have been extended to compact Haus-
dorff spaces. For maps f, g from a topological space X to
a metric space (X,d) and ¢ > 0, we write d(f, g) < ¢ if
d(f(x), g(x)) < e foreach x € X. An approximate inverse
system X = {X;, &), pan, A} of compact metric spaces
consists of a directed ordered set (A, <) with no maximal
element, a compact metric space X, with the metric dj and
a real number ¢, > 0 for each A € A, a continuous map
P Xr — X, for each pair A < A/, satisfying the follow-
ing conditions (A0), (A1), (A2) and (A3):

(A0) (YA € A)(pyp =id).
(A1) (YA, VA, VL € A)

A <X <A = di(pawpaars Pasr) < €1).
(A2) (Vi€ A)YS > 0)Fho = 1) (VA VA" € A)

(Ao <A <A = di(paw piars Parr) < 9).
(A3) (VA € A)(VS > 0)(Tho = A) (YA > Ao)

(Vx, Vx' e X,

(dy(x,x") <&y = dp(pay (x), pr(x)) <9).

The approximate limit (or limit, for short) of an approxi-
mate inverse system X = {Xj, &, pay/, A} is defined to be
the subspace of the product [ [, . , X consisting of all points
x = (x,) satisfying that:

(AL) (VA € A)(¥8 > 0)(Frg = 1) (VA € A)
(A = Ao == d (x5, pun (X)) < 8).

S. Mardesi¢ and L.R. Rubin [13] proved that a compact
Hausdorff space X has dim X < n if and only if it is the
limit of an approximate inverse system of finite polyhedra,
whose dimension < 7.

On the other hand, without compactness, the concept
of inverse limits leads to many pathological phenomena,
and hence, inverse limits are not often used for non-
compact spaces. Indeed, there is an inverse sequence of
0-dimensional paracompact spaces whose limit is a normal
space with positive covering dimension [3]. S. Mardesi¢
[11] then introduced the notion of resolution of topolo-
gical spaces to deal with non-compact spaces, extending
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the properties of compact inverse limits. Let A/(X) de-
note the set of all normal covers of X. For two maps
frg: X —>YandU € N(Y), we write (f, g) <U if for each
x € X there exists U €U such that {f(x), g(x)} € U. Let
X be a topological space and X = {X,, p,., A} be a in-
verse system of topological spaces. Then a map of system
f ={f., A}: X — X is defined to be a collection of contin-
uous maps f;: X — Xy, A € A, such that p,,’ f,; = fi for
each A, A" € A with & < ). A resolution of X is a map of
system f = (f;, A): X — X which satisfies the following
conditions (R1) and (R2):

(R1) If P is a polyhedron, i/ € N'(P) and f:X — Pisa
continuous map, then there exist A € A and a continu-
ous map g: X, — P such that (gfy, f) <U.

(R2) If P is a polyhedron, U € N'(P), then there exists V €
N (P) with the following property: For each A € A
and each pair of two continuous maps i, h': X, — P,
if (hfs,h' f,) <V, then there exists A’ > A such that
(hpaws W' i) <U.

Combining the notions of approximate limits and resolu-
tions, S. MardeSi¢ and T. Watanabe [16] introduced the no-
tion of approximate resolutions to overcome the defects of
inverse limits of non-compact and non-metric spaces. An ap-
proximate inverse system X = {X;, U, p;,, A} of topolo-
gical spaces consists of a directed ordered set (A, <) with no
maximal element, a topological space X, and Uy € N'(X;)
for each A € A, a continuous map p;, : X,y — X, for each
pair A < A/, satisfying the following conditions (BO), (B1),
(B2) and (B3):

B0) (VA € A)(pp =1d).

(B1) (VA, VA, VA" € A)
A <X <AV = (P pars par) <U).

(B2) (VAe ANV e N( X))@ = 1) (YA, VA" € A)
(Mo <A <A = (panpuar, paar) V).

(B3) VA e ANV e N(X)3ro=2) (YA = o)
(U, 1s a refinement of {p;)\l,(U): UeV)).

Let X be a topological space and let X = {X;, U, pyn, A}
be an approximate inverse system of topological spaces.
Then an approximate map f = {f,, A}: X — X is defined
to be a collection of continuous maps f;: X — X, A € A,
satisfying:

(AM) (YA € A)(YU e N(X3))3ro = 1) (YA € A)
A = xo = (par fr, ) <U.

An approximate resolution of X is an approximate map
f =1{/fr, A}: X — X that satisfies the conditions (R1) and
(R2) above. T. Watanabe [28] proved that a topological space
X has dim X < n if and only if it admits an approximate
resolution consisting of polyhedra with dimension < n.

The above generalizations of inverse limits are summa-
rized as in the following diagram:

Inverse limits — Resolutions
for CM for Top
\ \
Approximate limits —>  Approximate resolutions
for CH for Top

5. Further development

Maps between topological spaces can be also studied by use
of inverse systems and their modifications. A map f: X —
Y between compact Hausdorff spaces admits compact poly-
hedral inverse systems

XZ{X)\J pkk’aA} and YZ{Y 7q/l.,l,L/aM}

and system morphism f = {g, fu}:X — Y such that
lim f = f [8], which means that

(M) whenever u < i/, thereisa A > g(u), g(u’) such that

JuPer = quu fuw Pgyn, and
(LM) fupg(u) =qufforpeM.

An analogous fact for resolutions was obtained in [11]. How-
ever, if we choose the polyhedral inverse systems X and Y
in Pol in advance, it may not be possible to find f;, with the
strict commutativity conditions (M) and (LM) as pointed out
in [10, 17, 25, 26]. Indeed, consider any map f from a Can-
tor set C onto the unit interval I, where the Cantor set C is
the limit of an inverse sequence X of finite sets. Then there
is no system morphism f:X — I, where [ is a rudimen-
tary inverse system, such that lim f = f since all terms of
X are finite. If these conditions are replaced by approximate
commutativity conditions, this will become possible. This
was done for resolutions by T. Watanabe [26], for compact
approximate limits by S. Mardesi¢ and J. Segal [15], and
for approximate resolutions by S. Mardesi¢ and T. Watanabe
[16].

In general, maps between approximate resolutions with
some reasonable conditions can be defined by using approx-
imate commutativity conditions. Moreover, one can obtain
a category whose objects are those approximate resolutions
and whose morphisms are reasonably defined equivalence
classes of those maps. This category gives a useful tool in
studying topological spaces and continuous maps since it is
equivalent to the category CTops 5

More generally, inverse systems and their generalizations
give basic tools in many applications. S. Mardesi¢ [11] used
resolutions to extend shape theory over topological spaces.
In fact, inverse systems, approximate inverse limits and ap-
proximate resolutions can be used to define shape theory
in a categorical way for compact metric spaces, compact
Hausdorff spaces, topological spaces, respectively. Simi-
larly, such inverse system approach can also be used to
define strong shape theory [2, 7, 12]. Moreover, Cech ho-
mology and Steenrod homology theories are also studied
by using the pro-category pro-HPol of the homotopy cate-
gory of polyhedra [27, 12]. The theory of approximate res-
olutions for uniform spaces and its applications in uniform
spaces were obtained in [18]. The theory of approximate res-
olutions was also used to study fixed-point theory [24], and
more recently, T. Miyata and T. Watanabe applied it to frac-
tal geometry and obtained interesting results [19, 21].
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b-9 Covering Properties

Let S be a set. A family A of subsets of § is called a cover
(covering) if the union | J{A: A € A} is S. A cover C of S
is called finite (countable) if the cardinality of C is finite
(countable). For two covers B and C of S, B is a refinement
of C (or B refines C) if each member of B is contained in
some member of C. In particular, B is called a subcover of
C if B is a subfamily of C. A cover C of S has a finite (count-
able) refinement iff it has a finite (countable) subcover.

Let X be a space (exactly, a topological space). A cover U
of X is called an open cover (a closed cover) if each mem-
ber of U is open (closed) in X. A family A of subsets of X is
a locally finite family if each point of X has an open neigh-
bourhood which meets at most finitely many members of A.
Recall that a space X is called paracompact (respectively,
compact, Lindelof) if every open cover of X has a locally
finite (respectively, finite, countable) open refinement.

1. Variations and implications

Paracompactness seems to be the most important covering
property of spaces. Throughout the study of it, various cov-
ering properties have been introduced and studied in terms
of several variations of local finiteness.

Let X be a space and A a family of subsets of X. We say
that A is a discrete family if each point of X has an open
neighbourhood which meets at most one member of 4. We
say that A is point-finite (respectively, star-finite) if each
point of X is in (respectively, each member of A meets) at
most finitely many members of 4. We say that A is closure-
preserving if

Ja:aeBy=| J{A: e A}

for every A" C A, and that A is interior-preserving if
{X \ A: A € A} is closure-preserving. In particular, for an
open cover U of X, the following implications are true:

finite = countable

U

discrete — star-finite

)

locally finite = closure-preserving

U

point-finite = interior-preserving

Moreover, A is called o-locally finite (respectively, o -dis-
crete, o-closure-preserving) if it is represented as a union

of countably many locally finite (respectively, discrete,
closure-preserving) subfamilies.

These concepts play quite important roles in the investi-
gation of paracompact spaces. Hereafter, regular spaces and
normal spaces are always assumed to be T1-spaces.

2. Normal covers

Let X be a space. For two open covers U and V of X, we say
that V is a star refinement of I/ if for each V €V there is a
Uy € U such that St(V, V) C Uy, where

St(V, V):U{WGV: WNV e}

Moreover, we say that V is a point-star refinement (a bary-
centric refinement, a delta-refinement or a A-refine-
ment) of I/ if for each x € X there is a U, € U such that
St(x, V) C Uy, where St(x, V) =J{V e V:x € V}.

An open cover U of X is a normal cover if there is a
sequence M, Vi, ... of open covers (called a normal se-
quence) of X such that Vo = U and each V), is a star refine-
ment of V,,_1. Here, we can replace “star refinement” with
“point-star refinement” (see [E, 5.1.15], [N, IL.5 B]). Tukey
[15] showed that a T7-space X is normal iff every finite (bi-
nary) open cover of X is normal, and that every open cover
of a metric space is normal [E, 5.1.A (C)] etc.

A cozero set in X is a set of the form {x € X: f(x) > 0}
for some continuous function f:X — [0, 1]. Each open
F,-set in a normal space is exactly a cozero set. An open
cover U of X is called a cozero cover if each member of U/
is a cozero set in X.

A H. Stone and E.A. Michael gave an essential charac-
terization of normal covers as follows (see [12, 13]). The
following are equivalent for a space X and an open cover U
of X:

(a) U is normal.

(b) There is a metric space M and a continuous map f from
X onto M such that I/ is refined by { f ~L(W): W € W}
for some open covering W of M.

(c) U has alocally finite and o -discrete cozero refinement.

(d) U has alocally finite cozero refinement.

(e) U has a o-discrete cozero refinement.

(f) U has a o-locally finite cozero refinement.

This immediately yields A.H. Stone’s remarkable result:
Every metric space is paracompact [E, 5.1.3] etc. Thus para-
compact spaces turned out to be a significant generalization
of metric spaces and compact spaces.
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Let {fy: @ € A} be a family of continuous functions
from a space X into the unit interval [0, 1]. We say that
{fa: @ € A} is a partition of unity on X if

Zfa(x)zl foreach x € X,

aeA

where the equality implies that {& € A: fy (x) # 0} is at most
countable; let us say, {o,: n € w} and Znew Sa, (x) con-
verges to 1 (note that the arrangement of {«,: n € w} does
not matter). We say that a partition of unity {fy: o € A}
of X is a locally finite partition of unity if the cover
{fa_l((O, 1]): @ € A} of X is locally finite. We also say that
a partition of unity {fy: o« € A} of X is subordinated to a
cover C of X if the cover {fa’l((O, 1]): ¢ € A} of X is are-
finement of C. Partitions of unity are very important not only
in topology but also in analysis and differential geometry.
E.A. Michael essentially gave a characterization of normal
covers in terms of these concepts (see [12]): An open cover
U of a space X is normal iff ¢/ has a (locally finite) parti-
tion of unity subordinated to it. Thus, the characterizations
of normal covers above yield several useful characterizations
of paracompactness (see E.A. Michael’s article in this Ency-
clopedia).

Let A and B be families of subsets in a space X. We say
that B is cushioned in A if one can assign to each B € B
some A(B) € A such that

U{B: BeB} c| J{AB): BB}

for every B’ C B. Moreover, B is called o-cushioned in A
if BB is represented as a union of countably many cushioned
subfamilies in 4. This was defined by Michael [9] after his
definition of the closure-preserving property. Observe that
for an open cover U of X, every closure-preserving closed
refinement of U/ and every open star refinement of I/ are
cushioned in /. Recall that the important generalized met-
ric spaces of M|-spaces and stratifiable spaces are defined
by the o-closure-preserving and o -cushioned properties of
bases, respectively (see P.M. Gartside’s article in this Ency-
clopedia). Normal covers on normal spaces were also char-
acterized in terms of this property in [18]: An open cover
U of a normal space X is normal iff it has an open refine-
ment V which is a o-cushioned refinement of itself (that is,
V =U,ee Vn and each V, is cushioned in V).

There are many metrization theorems. But, the earli-
est metrization theorem, which is sometimes called the
Alexandroff-Urysohn theorem, was stated in terms of nor-
mal covers: A Ty-space X is metrizable iff there is a nor-
mal sequence {G, } of open covers of X such that {St(x, G):
n € w} is a neighbourhood base at x for each x € X (see
[E, 5.4.9], [N, VL.1]). This was extended as Bing’s Metriza-
tion Theorem (see [E, 5.4.1], [N, VL.4]): A space is metriz-
able iff it is a collectionwise normal and Moore space (see
R. Hodel’s article in this Encyclopedia).

3. Point-finite open covers

We begin with two classical results for point-finite open cov-
ers. The first is as follows: For a point-finite open cover
{Uy: o« € A} of a normal space X, there is an open (a co-
zero) cover {V,: a € A} of X such that V, C U, for each
a € A (see [E, 1.5.18], [N, II1.2 C]). A cover C of a space
X is called irreducible if | JC' # X for every C’ C C. The
second one was given by R. Arens and J. Dugundji: Every
point-finite cover of a space contains an irreducible subcover
[E,5.3.1].

Let X be a space. For two open covers U/ and V of X,
we say that V is pointwise W-refinement of I/ if for each
x € X, there is a finite subfamily F(x) of ¢/ such that each
V €V with x € V is contained in some U € F(x). Obvi-
ously, every point-star refinement of { is a pointwise W-re-
finement. J.M. Worrell gave an analogue of normal covers
for the point-finite version of open covers (slightly modify-
ing the proof of [5, 2.2]): An open cover ¢/ of X has a point-
finite open refinement iff there is a sequence {U4,} of open
covers of X such that Uy = U and each U,+ is a pointwise
W -refinement of U4,,.

Let X be a space. A family F of closed sets in X
is closure-preserving iff | JF’ is closed in X for every
F’ C F. This was defined by E.A. Michael to character-
ize paracompactness [E, 5.1.G] and a notable fact concern-
ing closure-preserving covers is that they are preserved by
closed maps. Analogously, a family U of open sets in X is
interior-preserving iff (U’ is open in X for every U’ C U.
As shown in the diagram of implications above, every lo-
cally finite family of closed sets in X is closure-preserving,
and every point-finite family of open sets in X is interior-
preserving.

Note that if an open cover U of a space X has a lo-
cally finite closed refinement, then it has an open (lo-
cally finite) point-star refinement [E, 5.1.13 and 5.1.14].
This fact is expanded by H.J.K. Junnila [5] as follows: An
interior-preserving open cover U of a space X has a closure-
preserving closed refinement iff ¢/ has an interior-preserving
open point-star refinement. Moreover, an interior-preserving
open cover U of a space X has an interior-preserving open
pointwise W-refinement iff /¥ has a closure-preserving
closed refinement, where U denotes the family of all fi-
nite unions of members of ¢/. Recall that a space X is called
metacompact if every open cover of X has a point-finite
open refinement. These two results by H.J.K. Junnila yield
some useful characterizations of metacompactness (see Jun-
nila’s article in this Encyclopedia). There are good surveys
[7], [KV, Chapter 9] and [MN, Chapter 5] on this topic.

A cover C of X is called semi-open if x € IntSt(x, C) for
each x € X. In terms of this definition, there are two analo-
gous results: An open cover U of a space X has a cushioned
refinement iff it has a semi-open point-star refinement [6].
An interior-preserving open cover I/ of a space X has an
open pointwise W-refinement iff /¥ has a cushioned re-
finement [4]. However, these two results do not yield a nice
characterization of metacompactness (see also H.J.K. Jun-
nila’ article in this Encyclopedia).
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4. Star-finite covers

Let X be a space and let A, B be a pair of disjoint subsets
of X. We say that a subset L of X is a partition between A
and B if there are disjoint open sets U and V in X such that
ACU,BCVand X\ L=UUYV.Clearly, the partition L
is closed in X. It is also clear that a 71-space X is normal iff
for each pair of disjoint closed sets in X, there is a partition
between them. The existence of such a partition is assured
by certain open covers. In fact, the following result is usually
stated as a lemma, however it is technically very useful not
only to show the normality of spaces but also to show the
partitions in dimension theory: Let X be a space and let E,
F be a pair of disjoint closed sets in X. If there is a o -locally
finite open cover V of X suchthat VNE =@ or VN F =
for each V € V), then there is a partition L between E and F
such that

LC U{aV: VeV,

where 9V denotes the boundary of V (see [En, 2.3.16], [E,
1.5.15]).

We say that a space X is strongly paracompact (or has
the star-finite property) if every open cover of X has a
star-finite open refinement. Obviously, every strongly para-
compact space is paracompact. C.H. Dowker and K. Morita
proved that every countable cozero cover of a space has a
star-finite cozero refinement (see the proof of [KV, Chap-
ter 9, 3.11]). It follows from this that every regular Lindelof
space is strongly paracompact (see [E, 5.3.11], [N, V.4 B]),
because it is normal by the technical result above. On the
other hand, there is a metric space which is not strongly para-
compact [E, 5.3 F(e)]. Every uncountable discrete space is
strongly paracompact but not Lindelof.

Let S be a set. We say that a family A of subsets in S is
star-countable if each A € .4 meets at most countably many
members of A. Note that a family A of subsets in S is star-
countable iff it is decomposed into {Ay: o € A} such that
each A, is countable and

(UAa) N (UA;;) —0 ifap

[E, 5.3.8 and 5.3.9]. Ju.M. Smirnov showed from this fact
that a space X is strongly paracompact iff every open cover
of X has a star-countable open refinement [E, 5.3.10], and
that a connected regular space X is strongly paracompact
iff it is Lindelof [N, V.4 C]. Thus, we can see that the no-
tions of star-countability, star-finiteness and countability are
essentially not so different.

We can characterize paracompactness in terms of a gen-
eralization of star-finiteness: A family A = {Ay: @ € A} of
subsets of a set S is called order star-finite if there is a well-
order < of the index set A such that, for each a € A, A,
meets at most finitely many Ag with 8 < o. It was given
in [17] that a regular space X is paracompact iff every open
cover of X has an order star-finite open refinement.

5. Closure-preserving covers

Note that a T>-space is paracompact and locally compact iff
it has a locally finite (and star-finite) closed cover by com-
pact sets. So every paracompact locally compact T>-space
can be represented as the union of disjoint family of closed-
open Lindelof subspaces [E, 5.1.27]. Hence it is strongly
paracompact. Thus it is likely that a space which has a
closure-preserving cover by compact sets is paracompact.
However, Bing’s example modified by E.A. Michael is a
normal space which has a closure-preserving cover by fi-
nite sets, but not paracompact [MN, Chapter 13, 3.22]. Still,
every space with a (o -) closure-preserving cover by compact
sets is metacompact (submetacompact), and every meta-
compact (submetacompact) and locally compact space has
a (o -) closure-preserving cover by compact sets (see [MN,
Chapter 13, 3.8 and 3.15]).

Let K be a class of spaces such that X € K implies F € K
for each closed subspace F of X. For such a class K of
spaces and a space X, R. Telgarsky introduced a topolo-
gical game denoted by G(K, X) as follows [MN, Chap-
ter 13]: There are two players I (the pursuer) and II (the
evader). They alternately choose consecutive terms of a se-
quence (Eq, F1, Eo, F>,...) of closed subsets in X, called
a play of G(K, X), satisfying the following conditions; for
eachn € w,

(1) E, is the choice of Player I with E,, € K,
(2) F, is the choice of Player II,

3) E,UF, C F,,_1, where Fp = X,

4 E,NE,=40.

When each player chooses their term, he/she knows K,
X and their previous choices. Player I wins this play if
(Vnew Fn = ¥ (Player II has no place to run away), other-
wise Player II wins. H.B. Potoczny gave the essential rela-
tion between closure-preserving covers by compact sets and
topological games [MN, Chapter 13, 3.4]: If a space X has
a (0 -) closure-preserving closed cover by compact sets, then
Player I has a winning strategy in G (DC, X), where DC de-
notes the class of all discrete unions of compact subspaces.
Telgarsky [14] gave a good survey for other various topolo-
gical games similar to the game G (K, X) here.

These topological games are rather important in the case
when the Player I has a winning strategy in G(DC, X). Us-
ing this, R. Telgarsky proved the following: Let X and Y
be paracompact T>-spaces. If X has a o-closure-preserving
cover by compact sets, then X x Y is paracompact [MN,
Chapter 13, 4.2]. There has been no nice characterization
for the class of all paracompact spaces X such that X x Y
is paracompact (or normal) for every paracompact factor Y
[KV, Chapter 18, Problem 5]. So this seems to be the best for
the paracompactness of products. This result is also true for
subparacompactness, metacompactness and submetacom-
pactness instead of paracompactness [MN, Chapter 13, 4.6]
and [3].

The topological game G (K, X) gave another application
to closure-preserving sum theorems in dimension theory: If
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a normal space X has a closure-preserving closed cover F
such that F is countably compact and dim F' < n for each
F € F, then dim X < n [MN, Chapter 13, 6.6]. This result
is also true for the large inductive dimension “Ind” instead
of the covering dimension “dim” under an additional con-
dition on X [MN, Chapter 13, 6.13]. Moreover, the product
theorem of the inequality

dim(X xY) <dimX +dimY

was obtained by applying the same sort of games (also see
[MN, Chapter 13, 6.23]).

6. Dominating covers

A topological property P is called additive if, for any fam-
ily {X«}aea of spaces with property P, the topological sum
P, c 4 Xo also has property P. Let P be a topological prop-
erty which is additive and is preserved by perfect maps. For
the property P, we can count so many kinds of fundamental
topological properties such as metrizability, paracompact-
ness, normality and so on. If a space X has a locally finite
closed cover F, each member of which has property P, then
X has property P [E, 3.7.22].

Every CW-complex is defined by a dominating cover,
which is a generalization of a locally finite closed cover, as
stated below. Let X be a space. For a cover C of X, we say
that X has the weak topology with respect to C (or X is de-
termined by C) if A C X is closed in X whenever A N C
is relatively closed in C for each C € C. Here, we can re-
place “closed” with “open”. Obviously, every space has the
weak topology with respect to every open cover of it. Recall
that a space X is called a k-space (sequential space) if it has
the weak topology with respect to the cover consisting of all
compact (compact metric) subsets.

Let X be a space and F a closed cover of X. We say
that X is dominated by F if F is closure-preserving and
for every subfamily G of F, the union | JG has the weak
topology with respect to G. In other words, X is dominated
by Fiff A C X is closed in X whenever there is some G C F
such that A C |JG and AN F is closed in F (in X) for each
F € G. Obviously, every space is dominated by every locally
finite closed cover of it.

Michael [8] and Morita [10, 11] proved that a 7>-space X
is paracompact (respectively, normal, perfectly normal, nor-
mal and countably paracompact, normal with dim X < n)
iff it is dominated by a closed cover F such that each F € F
is paracompact (respectively, normal, perfectly normal, nor-
mal and countably paracompact, normal with dim F < n).
Moreover, a regular space X is stratifiable (respectively, a o-
space, semistratifiable) iff X is dominated by its closed
cover, each member of which is stratifiable (respectively,
a o-space, semistratifiable) [N, VI.8 E]. However, it is not
known whether it is true or not for M-spaces.

Let X be a space and e be a subset of X. We say that e is
a cell of X if there is a continuous map ¢ from /" onto the

closure e of e such that
e(I"\IntI")=¢\ e

and ¢ [ Int/" is a homeomorphism onto e, where I = [0, 1]
and n is called the dimension of e. We say that a 7>-space
X is a cell complex if it has a decomposition D consisting
of cells of X such that for each cell e € D with dimension n,
e \ e is contained in the union of all cells in D with dimen-
sion < n — 1. We denote by e € X the fact that e is a cell
in the decomposition D. A finite cell-complex is one with
a finite number of cells. A subspace A of a cell-complex X
is called a subcomplex of X if e C A for each e € X meet-
ing A. Every subcomplex A of X is a cell-complex itself
with respect to its decomposition {e € X: e meets A}.

A cell-complex X is called a CW-complex if the follow-
ing two conditions (C) and (W) are satisfied;

(C) for each e € X, there is a finite subcomplex K of X
with e € K, and

(W) X has the weak topology with respect to the closed
cover {e: e € X}.

Every subcomplex of a CW-complex X is closed in X and
is a CW-complex. A subspace C of a CW-complex X is
compact (and metrizable) iff there is a finite subcomplex
of X containing C. Note that every CW-complex is domi-
nated by the cover consisting of all finite subcomplexes of X.
J.G. Ceder [1] proved that every CW-complex is an M-
space. However, there is a countable CW-complex which is
not Lasnev (hence, not metrizable) [MN, Chapter 8, 2.8].
The concept of CW-complexes were introduced by White-
head [16], and one of the most important points of CW-
complexes is that homotopy theory can be developed on this
class in the most natural way (see A. Koyama’s article in this
Encyclopedia).
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Let (P) denote a topological property. Then, in order to de-
fine locally (P)-spaces, we usually adopt two ways:

(A) atopological space X is said to be a locally (P)-space
if each point of X has a neighbourhood with the prop-
erty (P), and

(B) atopological space X is said to be a locally (P)-space if
each point x of X has a neighbourhood base 15,, where
each member of By has the property (P).

In most cases, locally (P)-spaces of type (A) are included
in those of type (B). Generally speaking, (A) is used more
often than (B); locally compact spaces, locally countably
compact spaces, locally metrizable spaces, locally separa-
ble spaces, locally countable spaces, etc., are such ones. For
spaces with local (P) of type (B), we can mention locally
connected spaces and related ones which often appear in a
geometric part of general topology. We observe that a space
satisfying (P) is always a locally (P)-space of type (A), but
need not be of type (B); one can find an example of a con-
nected, but not locally connected space.

We review here mainly local compactness and local con-
nectedness. Both notions have important and applicable
properties to various areas; other spaces as stated above are
very often used only in each individual case, some of which,
therefore, seem difficult to be reviewed.

Recall that X is locally compact if each point of X has
a compact neighbourhood. Assuming the Hausdorff sepa-
ration axiom (73), local compactness behaves well. Every
locally compact Hausdorff space is completely regular. For
every locally compact Hausdorff space X which is not com-
pact, we can take a point p* not belonging to X and intro-
duce a topology to the set Z = X U {p*°} so that the space
Z is a compact Hausdorff space and X is dense in Z; Z is
known as so-called the Alexandroff one-point compactifi-
cation of X. In every locally compact space X every closed
subspace is locally compact, and if X is Hausdorff, every
open subspace is locally compact. These results permit us
to describe local compactness as follows: a Hausdorff space
X is locally compact if and only if X is an open dense sub-
space of a compact Hausdorff space. Local compactness is
preserved by open continuous images and, between Haus-
dorff spaces, by images and also preimages under perfect
maps. Among Hausdorff spaces local compactness is pro-
ductive for finite products, but not for infinite ones. Indeed,
the product space of locally compact Hausdorff spaces is lo-
cally compact if and only if all but a finite number of factor
spaces are compact (all these results can be seen in [E, Chap-
ter 3]).

Local compactness has been characterized in the realm of
product spaces; a Hausdorff space X is locally compact if

and only if X x Y is a k-space for any Hausdorff k-space Y
if and only if the map

Iy x f: XxY—>XxZ

is a quotient map for any quotient map f:Y — Z of every
Hausdorff spaces Y and Z (Whitehead [19] and Michael
[7D). The next result is also a useful one established by T. Isi-
wata [6], K. Morita [9] and H. Ohta [11]. A Tychonoff space
X is locally compact and Dieudonné complete if and only if

y(X xY)=yX xyY

for every Tychonoff space Y, where y X denotes the Dieu-
donné completion of X. A similar result for the Hewitt
realcompactification of a product space also holds (see
J. Schommer’s article in this Encyclopedia). We review an-
other result due to S. Oka [12]. A Tychonoff space X is lo-
cally compactif and only if t(X xY) = X x t(Y) for any to-
pological space Y, where t denotes the epireflective functor
from the category of all topological spaces and continuous
maps onto the full subcategory of Tychonoff spaces. There
are further studies due to T. Ishii [5]. In [12, 5] the functor T
is called the Tychonoff functor.

Paracompact Hausdorff or metrizable spaces with local
compactness often yield good results. For example, in [8]
K. Morita proved that if X is a locally compact paracom-
pact Hausdorff space and f:X — Y is a closed continu-
ous onto map, then the subspace ¥; = {y € Y: f~!(y) is not
compact} is discrete and closed in Y. Subsequently, analo-
gous or extended results were obtained for X in other related
classes of spaces. On the other hand, Morita’s result was ap-
plied in the same paper [8] to extend closed maps between
locally compact paracompact spaces to maps between their
Freudenthal compactifications. K. Nowinski [10] extended
this result to the case of closed maps between locally com-
pact weakly paracompact (= metacompact) spaces.

Locally compact spaces are generalized to C-scattered
spaces due to R. Telgarski [16]. Let X be a Hausdorff space.
For an ordinal &, we inductively define a subspace X @ of
X as follows: X©@ = X,

X@*D = {x € X®: x has no compact

neighbourhood in X®},

and X* =", _;, X@ for a limit ordinal A. Then, X is said
to be C-scattered if X) = ¢ for some y. Clearly, X is lo-
cally compact if and only if X = ¢J. The space Y given
in the result of K. Morita above satisfies ¥® = @. R. Tel-
gérski [16] showed several interesting results on normality
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of product spaces of C-scattered paracompact spaces with
paracompact spaces. The idea of defining X® is based on
A.H. Stone [14], and such an idea has been utilized in vari-
ous studies in general topology.

As for locally metrizable spaces, a result is that every lo-
cally metrizable paracompact Hausdorff space is metrizable.
This is implied by the metrizability of Hausdorff spaces hav-
ing a locally finite closed cover consisting of metrizable sets.

For locally separable spaces, there is a theorem of P. Ale-
xandroff [1] that every locally separable metrizable space X
is expressed as X = P, ., Aa, the topological sum of A, ’s,
where each A, is separable. Concerning covering proper-
ties it is known that every weakly paracompact locally sep-
arable space is strongly paracompact (D.R. Traylor [17],
R.E. Hodel [4]).

A topological space X is said to be a locally connected
space if each point of X has a neighbourhood base consist-
ing of connected sets. We review some basic facts. Local
connectedness is hereditary with respect to open subsets, but
not to closed subsets in general; it is known that a retract
of a locally connected space is locally connected. A space
X is locally connected if and only if the components of all
open subspaces of X are open. Local connectedness is pre-
served by images under quotient maps. The product space
of locally connected spaces is locally connected if and only
if all but a finite number of factor spaces are connected (see
[E, Chapter 6]).

Locally connectedness is a classically important notion
especially in the geometric part of general topology. Indeed,
there is a famous theorem of Hahn—Mazurkiewicz that a
Hausdorff space is a continuous image of the closed unit
interval [ if and only if X is a locally connected, compact
and connected metric space. There is another notion which
is closely related to local connectedness. A space X is lo-
cally pathwise connected if each point of X has a neigh-
bourhood base consisting of pathwise connected sets. Ba-
sic facts for locally pathwise connected spaces are similar to
those as above for locally connected spaces. Every locally
pathwise connected space is locally connected, but the con-
verse need not hold. Locally connected or locally pathwise
connected spaces together with connected or arcwise con-
nected spaces are fundamentally important for the study of
Continuum Theory.

Locally connected spaces have been used to obtain some
set-theoretic results. By B. Banaschewski [2], and M. Hen-
riksen and J.R. Isbell [3] the Stone—Cech compactification
BX of a Tychonoff space X is locally connected if and
only if X is locally connected and pseudocompact. In [13]
G.M. Reed and P. Zenor proved that every locally connected,
locally compact normal Moore space is metrizable. This
result is related to the problem on metrizability of normal
Moore spaces. As is mentioned in ED. Tall [15] (see also,
S. Watson [18]), it is unknown whether a locally connected,
locally compact normal space is collectionwise normal.
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In this paper, all fopological spaces under consideration are
assumed to be Hausdorff and all maps are assumed to be
continuous and onto. For the terms which are not defined in
this paper we refer the reader to [E], [11, 28, 17].

Let P be a topological property and X a topological
space. Then X is said to be rim-P if X admits a base of
open sets with boundaries having the property P. Some of
the spaces that are studied with natural rim-properties are
rim-finite spaces, rim-countable spaces, rim-metrizable
spaces, rim-scattered spaces and rim-compact spaces.
Note that if X is a O-dimensional space, then it has a base
of open sets with empty boundaries. Hence, such spaces
are rim- P for any property P. Therefore, it is interesting to
study rim-properties of spaces which are not 0-dimensional.
In the literature, the term locally peripherally P is some-
times used instead of rim-P.

In 1880, C. Jordan defined a continuous curve as a con-
tinuous image of the closed interval of real numbers. Ten
years later, in 1890, Peano constructed a map of the unit in-
terval [0, 1] onto the unit square [0, 1] x [0, 1]. Another de-
velopment was the Hahn—-Mazurkiewicz Theorem (1914)
characterizing locally connected metric continua as contin-
uous images of the unit interval; such spaces are now com-
monly referred to as Peano continua. By a continuum, we
mean a compact connected space. About 1925, P.S. Alexan-
droff and F. Hausdorff characterized Hausdorff continuous
images of the Cantor set as the class of compact metric
spaces. Following these results and others, see [E], it became
necessary to give a precise definition of dimension. This led
to study of notions of the small inductive dimension, cover-
ing dimension and large inductive dimension. The notion of
small inductive dimension is based on a separation property.
The small inductive dimension ind (called also the Menger-
Urysohn dimension) is defined as follows: ind X = —1 if and
only if X =@, and ind X <n, wheren =0, 1,..., if X has
a base U of open sets such that the boundary of each U e U
has small inductive dimension < n — 1. In the case of sep-
arable metric spaces, the above three notions of dimension
coincide. In general, they may not. Throughout the article,
by a 0-dimensional space we mean a space with ind < 0.

The Hahn—Mazurkiewicz Theorem also changed the no-
tion of curve from the topological point of view. It became
necessary to define this notion more precisely. Using the
small inductive dimension, a curve is defined to be a 1-di-
mensional (metric) continuum (see [28] or [11]). The sim-
plest example of a 1-dimensional continuum is an are, i.e.,
an ordered continuum X with exactly two non-cut points,
and every basic open set in X has at most a two point bound-
ary. Following these developments in the early 20th century,
the study of those (metric) continua which are close to arcs,

hence those continua with various rim-properties, and the
classification of curves as well, became important research
areas in Topology (see [28, p. 99], and [11]). Note that for
many years, the terms continuous curve and Peano contin-
uum were used to refer to locally connected metric continua.

Another study motivated by the Hahn—Mazurkiewicz
Theorem and the Alexandroff-Hausdorff Theorem men-
tioned above, is the study of those compact Hausdorff spaces
and continua which are continuous images of compact or-
dered spaces. By a compact ordered space, we mean a
compact linearly ordered topological space, in which the
topology is the order topology. In the metric case, the Can-
tor set is such an example.

In this article, the intention is to give a survey of results
on rim-finite, rim-countable, rim-metrizable, rim-scattered
spaces, mainly in the realm of compact spaces, and also rim-
compact spaces and rim-separable spaces.

Since compact countable spaces are metrizable and scat-
tered (recall that a space is said to be scattered if every non-
empty subset of it has an isolated point), we observe that, in
the realm of compact spaces, the following implications are
valid:

rim-finite

U

rim-countable = rim-scattered

U

rim-metrizable

)

rim-separable

In the literature, rim-finite spaces are sometimes called regu-
lar or netlike and rim-countable spaces are called rational,
particularly in the case of metrizable spaces. Rim-compact
spaces are also called semi-compact. When we consider
compact spaces which are not 0-dimensional, it is natural
to restrict our attention to compact and connected spaces,
namely continua.

1. Metric continua

In the class of 1-dimensional (metric) continua, there is a
wide spectrum. For instance, Knaster Bucket Handle is a 1-
dimensional indecomposable continuum with basic opens
sets having Cantor Set boundaries (see [11] or [17]). In this
survey we are going to restrict our attention mainly to the
class of decomposable continua, continua which can be writ-
ten as a union of two distinct subcontinua.
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In 1926, G.T. Whyburn [28] developed the theory of
cyclic elements to study the structure of locally connected
metric continua. A subset E of a locally connected contin-
uum X is called a cyclic element if E is connected and maxi-
mal with respect to the property that no point separates E.
For a locally connected continuum X, a property is said to
be cyclicly extensible (respectively, cyclicly reducible) pro-
vided that when each cyclic element has this property, so
does X (respectively, when the space X has this property, so
does each cyclic element of X). Whyburn showed that the
properties of being rim-finite, rim-countable, having small
inductive dimension < n, and many others are cyclicly ex-
tensible and reducible (see [28]). The cyclic element theory
is used by many mathematicians in the study of locally con-
nected (metric) continua.

A space X is said to be hereditarily locally connected,
if it is connected and each of its connected subsets is locally
connected. Every rim-finite continuum is hereditarily locally
connected and hereditarily locally connected continua are
rim-countable (see [28, p. 91] for the metric case, for the
non-metric case see Nikiel [18]), but there exists a hered-
itarily locally connected continuum which is not rim-finite
(see [11, p. 283]). An easy generalization of arcs are den-
drons. A dendron is a continuum in which every pair of dis-
tinct points can be separated by a third point. Each dendron
is rim-finite. Note that a metric dendron is called dendrite.
Dendrites are exactly the 1-dimensional compact AR.

Some other interesting subclasses of rim-finite continua
are completely regular continua and totally regular continua.
A metric continuum X is said to be totally regular (respec-
tively, completely regular) if for each countable set A C X,
there exists a base for X of open sets such that each ele-
ment of the base has a finite boundary missing the set A
(see [21] in the non-metric case) (respectively, if each sub-
continuum has nonempty interior). Each graph is a com-
pletely regular continuum; however, dendrons are not nec-
essarily completely regular. The class of completely regular
continua is contained in the class of totally regular continua.
Note that metrizable totally regular continua are exactly the
continua of finite linear measure studied by Eilenberg be-
tween 1938 and 1944, Eilenberg and Harrold in 1943, and
later by Buskirk, Nikiel and Tymchatyn in 1992. The linear
measure ,u;(A) of a subset A of a metric space (X, p) is
defined by

iy (A) = sup inf{Zdiamp(A,-):
§>0 ieN

AC UA,» C X, diam,(A;) <8 Vi e N}.
ieN

Fremlin [7] also studied spaces of finite linear measure in
1992; using infinite games, he proved that a Borel subset of
a rim-finite continuum is arcwise connected if and only if it
is connected. In the light of the above definitions, it is ap-
propriate to state the following characterization of rim-finite
metric continua due to Lelek [12]: A metric continuum X is

rim-finite if and only if for each ¢ > 0, there exists an integer
n > 0 such that any collection of pairwise disjoint subcon-
tinua of X, each having diameter greater than &, consists of
at most n elements.

A natural technique to construct complicated topolo-
gical spaces from simple ones is inverse systems. How-
ever, the inverse limit of an inverse system of locally con-
nected continua is not always locally connected unless some
conditions are imposed on the bonding maps. One such
condition is that each bonding map be monotone. A map
f:X — Y between topological spaces X and Y is said to
be a monotone map if for each point y € Y, f~(y) is con-
nected. It is known that the inverse limit of an inverse se-
quence of locally connected (1-dimensional) metric continua
with monotone bonding maps is a locally connected (1-di-
mensional) metric continuum. Nikiel, Buskirk and Tym-
chatyn in 1992 showed that each totally regular (metric)
continuum is homeomorphic to the inverse limit of an in-
verse sequence of graphs with monotone bonding maps (see
also [21]). However, in general, the inverse limit of an in-
verse sequence of rim-finite continua with monotone bond-
ing maps need not be rim-finite. Nikiel [19] proved that a lo-
cally connected 1-dimensional metric continuum X is home-
omorphic to the inverse limit of an inverse sequence of rim-
finite continua with monotone bonding maps. For instance,
the 1-dimensional Menger Universal Curve, which is a uni-
versal space for 1-dimensional compact metric spaces, can
be obtained as an inverse limit using rim-finite continua and
monotone bonding maps. (See the next section for the def-
inition of universal space.) On the other hand, the Menger
Universal Curve can also be constructed using an inverse se-
quence of graphs; however, in this case, the bonding maps
cannot be monotone. These results indicate that the class of
rim-finite (metric) continua contains a variety of interesting
subclasses.

Lelek in [12] studied finitely Suslinian and Suslinian met-
ric continua. A Suslinian continuum is one in which each
subcollection of pairwise disjoint subcontinua is countable,
and in a finitely Suslinian continuum each subcollection of
pairwise disjoint continua forms a null-family. A family F of
closed subsets of a compact space X is said to be a null fam-
ily, if for each open cover U of X, the number of elements
of F which are not contained in any element of I/ is finite.
Each finitely Suslinian continuum is Suslinian. Lelek in [12]
showed that each rim-finite continuum is finitely Suslinian,
any finitely Suslinian continuum is hereditarily locally con-
nected, and rim-countable continua are Suslinian. There ex-
ist examples of hereditarily locally connected metric con-
tinua which are not finitely Suslinian (see [11, p. 270]).
There are also many rim-countable continua which are not
locally connected (see [11] or [28]). Lelek [12] provided an
example of a Suslinian metric continuum which is not rim-
countable. However in the plane, hereditarily locally con-
tinua coincides with finitely Suslinian (see [11]). Note that
each 1-dimensional Suslinian continuum is a hereditarily
decomposable continuum, i.e., each subcontinuum is de-
composable (see [12]).
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Another problem involving rim-P spaces is the preserva-
tion of rim-properties under continuous maps. The Hahn—
Mazurkiewicz Theorem and the theorem of Alexandroff in-
dicate that rim-properties and dimension are not preserved
under continuous maps in general. Hence, additional proper-
ties of maps are needed in order to preserve rim-properties.
Two of such properties are: a map f:X — Y is said to be
a confluent map (respectively, a pseudo-confluent map) if
for any subcontinuum (respectively, irreducible continuum)
K C Y we have f(C) = K for every (respectively, some)
component C of f~!(K). Note that each monotone map is
confluent and each confluent map is pseudo-confluent. On
the other hand, open maps (the image of every open set is
open) are also confluent. Hence, confluent maps are gener-
alizations of open and monotone maps.

Confluent images of dendroids (dendrites, arcs) are den-
droids (dendrites, arcs, respectively), see [14, p. 69]. A con-
tinuum is said to be unicoherent provided that A N B is con-
nected whenever A and B are subcontinuum of X such that
AU B = X. A dendroid is an arcwise connected hereditar-
ily unicoherent continuum. However, pseudo-confluent im-
age of a dendroid may not be a dendroid. In 1975, Lelek
and Tymchatyn proved that pseudo-confluent maps pre-
serve the following class of continua: Suslinian, hereditar-
ily locally connected, finitely Suslinian, rim-finite. Accord-
ing to Grispolakis and Tymchatyn (1981), we can add to
the above list the class of all graphs as well. On the other
hand, Tymchatyn (1983) gave an example of a confluent
map of a rim-countable continuum whose image is not rim-
countable, and he also proved that any pseudo-confluent map
f:X — Y preserves rim-countable continua provided Y is
a locally connected continuum. For further discussion, we
refer the reader to the 1979 paper of T. Mackowiak [14]
which contains an extensive survey on continuous maps of
continua.

2. Rim-type, rational dimension and universal spaces

A notion which is used to classify rim-countable spaces
and investigate properties of this class is rim-type (see [11,
p. 290]). If A is a subset of a space X, let A® = A and
denote by A’ the set of all limit points of A. Then, for any
ordinal « we define by transfinite induction the sets A® as
follows: if « is a successor of the ordinal 8, define A@ =
(AP if @ > 0 is a limit ordinal, then A® =" fea AP®.
A set A is said to be of type « if « is the least ordinal num-
ber such that A = @. A space X is said to be of rim-
type « if « is the least ordinal such that X admits a base
of open sets with boundaries of type «. Note that each rim-
finite space is of rim-type 1 and each rim-countable metric
space is of rim-type « for some countable ordinal « (see
also [11]). Tymchatyn (1975) proved that, for each countable
ordinal «, there exists a hereditarily locally connected met-
ric continuum of rim-type «, and also showed that a metric
continuum X must be rim-finite given that each connected
subset of X is arcwise connected. Z. Janiszewski in 1912

constructed an example of a rim-countable metric contin-
uum of rim-type w which contains no arcs. In contrast to
these results, Grispolakis and Tymchatyn (1980) showed that
every 1-dimensional continuum of finite rim-type contains
arcs.

The notion of rational dimension was introduced by
Menger and Nobeling. A space X has rational dimension
0 if X is countable and nonempty, and X has rational di-
mension < 7 if X has a base of open sets with boundaries of
rational dimension < n — 1. It is known that a space X has
a rational dimension < n if and only if it can be written as a
union of a countable set and a set with covering dimension
< n — 1 (see [23]). Rim-countable spaces have rational di-
mension < 1. Nobeling in 1934 showed that for each n > 1,
there is a universal space in the class of separable metriz-
able spaces of rational dimension < n. Recall that a space
X is said to be universal space for a class of spaces if X
belongs to the class and contains a homeomorphic copy of
every member of the class. Iliadis and Georgiu in 1998 also
gave a construction of universal spaces for separable metriz-
able spaces of rational dimension < n. However, the class
of rim-countable metric compact spaces (continua) contains
no universal space. In fact, [liadis [9] proved the following:
For every metric space Y of rim-type < «, there is a locally
connected continuum X of rim-type < « such that X cannot
be embedded in Y. Mayer and Tymchatyn [15] proved the
existence of a universal space in the class of separable rim-
countable spaces, and obtained the following results: For
a countable ordinal o > 0,

(1) there exists a universal space for the class of separable
metric spaces of rim-type < «;

(ii) there is a locally connected metric continuum of rim-
type « which topologically contains every compact
space of rim-type < «.

When we consider universal spaces and containing spaces
for rim-finite spaces, we see an interesting picture. Nobeling
(1931) proved that there is no universal space for compact
rim-finite spaces. Iliadis (1980) constructed a universal com-
pletely regular continuum and Buskirk (1994) constructed a
universal totally regular metric continuum. In 1986, Iliadis
showed that there is a rim-finite 77-space (nonmetric) which
contains every Hausdorff rim-finite space. Mayer and Tym-
chatyn [15] constructed a locally connected metric contin-
uum of rim-type 2 which topologically contains every rim-
finite space. We refer the reader to [8] and [23] for further
discussion.

3. Rim-compact spaces, compactifications and
rim-separable spaces

Another question that has been studied involves compactifi-
cations of spaces with various rim-properties. For a contin-
uum X, each point p of X where X is fails to be rim-finite
or rim-countable is contained in a nondegenerate continuum
which consists of such points (see [28, p. 98], and also [11]).
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A separable metric space is rim-countable if and only if it is
the union of a countable set and a set which is at most 0-di-
mensional (see [11, p. 285]). These results indicate that it
is natural to consider compactifications with 0-dimensional
remainders if the rim-properties are to be preserved under
compactification.

The class of rim-compact spaces is studied widely in re-
lation to compactifications and dimension theory (see [1]
and [5]). One of the main motivations to study rim-compact
spaces is due to H. Freudenthal. Freudenthal in 1942 studied
the compactification of rim-compact spaces with 0-dimen-
sional remainders in the class of separable metric spaces.
Later, various constructions of such compactifications were
given. Morita in 1952 gave the following characterization:
For a rim-compact space X, the Freudenthal compactifica-
tion of X is the topologically unique compact space Y such
that

(i) X isdenseinY,
(i1) any point x € Y, has a neighbourhood V in Y whose
boundary is contained in X, and
(iii) any two disjoint closed subsets of X with compact
boundaries have disjoint closures in Y.

Note that the space Y is maximal among such compactifi-
cations and the small inductive dimension of the remainder
Y \ X is zero. It should be noted that the covering dimension
or the big inductive dimension of the remainder may not be
zero. In 1993, Aarts and Coplakova gave an example of a
rim-compact space X such that every compactification of X
has a remainder with covering dimension > 1.

In 1942, de Groot showed that a separable metric space X
has a metric compactification with a zero-dimensional re-
mainder if and only if X is rim-compact. Each rim-finite
space has a rim-finite compactification (see [11, p. 290]). It
is not difficult to see this fact: each rim-finite space is rim-
compact, and hence it has a Freudenthal compactification,
and since the remainder is 0-dimensional, the compactifi-
cation is also rim-finite. Tymchatyn (1977) proved that the
Freudenthal compactification of a rim-compact, hereditar-
ily locally connected Tychonoff space is hereditarily locally
connected; moreover, he also showed that the Freudenthal
compactification of any connected, separable metric space is
metrizable. On the other hand, the Knaster—Kuratowski ex-
ample of a connected set with a dispersion point (see [E]) is
rim-countable and rim-compact. Tymchatyn (1977) showed
that this space has no rim-countable compactification. Later,
Iliadis and Tymchatyn [10] established that a separable met-
ric space of rim-type « + n (where n is nonnegative integer
and « is either O or a limit ordinal) has a compactification of
rim-type < @ + 2n + min{e, 1}.

A 0-space is a Tychonoff space which has a compactifi-
cation with 0-dimensional remainder. It is known that rim-
compact (Tychonoff) spaces are 0-spaces. It is known that
there are non rim-compact spaces with compactifications
such that the remainder is O-dimensional. B. Diamond in
1985 gave a characterization of 0-spaces and studied the re-
lationships among the classes of rim-compact spaces, almost

rim-compact spaces and O-spaces (see [4]). A Tychonoff
space X is almost rim-compact if X has a compactification
Y such that each point in the remainder Y \ X has a base of
open sets of ¥ whose boundaries lie in X. Note that each
rim-compact space is almost rim-compact and each almost
rim-compact space is an 0-space (see also [3]).

EB. Jones (1932) considered the question of separability
in rim-separable spaces. He proved that each locally con-
nected, connected, rim-separable metric space is separable.
L.B. Treybig (1959) constructed an example of a connected
rim-separable metric space which is not separable, and he
also proved (1960) that in a connected rim-separable met-
ric space, the points where the space fails to have separable
neighbourhoods form a perfect set. Motivated by Jones and
Treybig’s results, P. Roy [24] constructed a non-separable,
connected and rim-compact metric space X containing a
separable subset A such that X fails to be locally compact at
each point of A, but locally connected and rim-connected at
each point of A. This example of Roy answers a question of
Isbell.

4. Non-metric case: Rim-metrizable compact spaces

It is natural to consider generalizations of the Hahn—Mazur-
kiewicz theorem and the Alexandroff theorem in the class of
compact (Hausdorff) spaces. In 1960, Mardesi¢ constructed
an example of a locally connected continuum which is not
a continuous image of an arc. Following this result, a con-
siderable effort has been put into characterizing images of
arcs (ordered continua) and compact ordered spaces. Nikiel
(1989) gave a characterization of locally connected continua
that are continuous images of compact ordered spaces. In
1973, Heath, Luzter and Zenor proved that continuous im-
ages of compact ordered spaces are monotonically normal.
Recently, M.E. Rudin [25] gave a complete characterization
of this class by showing that each monotonically normal
compact space is a continuous image of a compact ordered
space.

The Nikiel characterization of continuous images of arcs
is based on approximation by 7T-sets (see [21]). A closed
subset A of a locally connected continuum is said to be a
T -set, if each component in the closure of X — A has ex-
actly a two point boundary. Treybig [26] proved that any
continuum X which is the continuous image of a compact
ordered space is either metrizable or it contains a set K such
that K separates X and contains at most two points. Later
result of Treybig and Maehara (1984) led to the following
result of Nikiel (see [21]): If a locally connected continuum
X with no cut points is a continuous image of a compact
ordered space, then each closed metrizable subset of X is
contained in a T -set. Using this result, Nikiel (1989) showed
that a locally connected continuum X with no cut points is
a continuous image of an arc if and only if it can be approx-
imated by sequence of T-sets Ay, Az, ..., Ay, ... satisfying
the following conditions: (i) | J A, is dense in X; (i) A; is
metrizable; (iii)) A1 C Ay C ---; (iv) if J is a component of
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Y \ A, for some n, then the set of separating points of the
closure of J is contained in A,+1; and (v) if J is a compo-
nent of Y \ A, for some n and M is a nondegenerate cyclic
element of the closure of J, then M N A, 4+ is a metrizable
T -set which contains at least three points. On the other hand,
Cornette (1974) extended Whyburn’s cyclic extension and
reduction theorem in the metric case to continuous images
of arcs. He proved that a locally connected continuum X is a
continuous image of an arc if and only if each cyclic element
of X is a continuous image of an arc. Now combining Cor-
nette’s result with Nikiel’s yields that a locally connected
continuum X is a continuous image of an arc if and only
if each cyclic element in X can be approximated by T -sets
satisfying the conditions stated above. A shorter version of
Nikiel’s characterization of images of arcs reads as follows:
a locally connected continuum X is a continuous image of
an arc if and only if any three-point set in a cyclic element
of X is contained in a metrizable T -set (see also [21]).

In addition to the problem of characterizing those spaces
which are continuous images of arcs/compact ordered spa-
ces, there is the problem of determining which classes of
locally connected continua are continuous images of arcs.
Nikiel [18] proved that each hereditarily locally connected
continuum is a continuous image of an arc. By using a con-
struction of Filippov (1969), Nikiel, Tuncali and Tymchatyn
(1991) provided an example of a locally connected rim-
countable continuum which is not a continuous image of an
arc. Using T -set approximations, the following results were
obtained by Nikiel, Tymchatyn and Tuncali [21]:

(i) the inverse limit of any inverse sequence of continuous
images of arcs with monotone bonding maps also is a
continuous image of an arc;

(ii) each 1-dimensional continuous image of an arc can be
obtained as the inverse limit of an inverse sequence of
rim-finite continua with monotone bonding maps.

These are generalizations of the results stated earlier in the
case of metric locally connected continua, and they indicate
that 1-dimensional continuous images of arcs behave like
1-dimensional metric locally connected continua. The reader
is referred to [21] for further discussion on behavior of the
images of arcs and subclasses under inverse limits.

In 1991, Nikiel, Tuncali and Tymchatyn [20] established
that if X is a continuous image of an arc, then dim(X) =
ind(X) = Ind(X) = max{l, sup{dim(Y): ¥ C X is closed
and metrizable}}, where dim, ind and Ind refer to covering
dimension, small inductive dimension, and large inductive
dimension respectively. Treybig (1979) proved that any con-
tinuous image of an arc should be rim-finite provided that it
does not contain a non-degenerate metric continuum.

A result of Mardesi¢ [16] states that continuous images
of compact ordered spaces are rim-metrizable. This was
later strengthened by Grispolakis, Nikiel, Simone and Tym-
chatyn (1993) by showing that each irreducible separator
(i.e., no proper subset is a separator, where a separator is a
set whose removal leaves a space disconnected) in a con-
tinuous image of a compact ordered space is metrizable.

Hence, it is also natural to ask what properties of images of
compact ordered space can be generalized to the classes of
rim-metrizable, rim-countable or rim-scattered spaces. Trey-
big (1964) proved that continuous images of compact or-
dered spaces do not contain a product of nonmetric compact
infinite spaces. Tuncali [27] proved that analogues of Trey-
big’s product theorem can be obtained in the class of rim-
metrizable, rim-countable continua. A more precise formu-
lation of this result reads as follows: If X is a rim-metrizable
continuum or a rim-scattered locally connected continuum,
then it does not contain a nonmetric product of a nondegen-
erate compact space and a perfect set. Here is a consequence
of this theorem. The product X x Y of two compact spaces
is rim-metrizable if and only if one of the following holds:

(a) both X and Y are metrizable;

(b) both X and Y are 0-dimensional;

(c) one of the spaces X and Y is rim-metrizable and the
other one is metrizable and O-dimensional.

In the case of rim-compact spaces, the last result can be com-
pared with an earlier result of B. Diamond (1984): the prod-
uct X x Y of two rim-compact spaces is rim-compact if and
only if one of next conditions is satisfied

(i) both X and Y are locally compact;
(i) both X and Y are O-dimensional;
(iii) one of X, Y is locally compact and 0-dimensional.

Mardesi¢ (1961) proved that light maps of locally con-
nected continua, as well as irreducible light maps of com-
pact ordered spaces, preserve weight. A similar fact is true
for light maps of rim-metrizable continua (see [27]).

In recent years (1997-2001) Loncar studied o directed in-
verse systems of locally connected continua and images of
arcs with monotone bonding maps. Using Tuncali’s weight
preservation result [27], he also showed that each rim-
metrizable continuum is the inverse limit of an inverse sys-
tem of metrizable continua with monotone bonding maps,
and applied this result to investigate hyperspaces of rim-
metrizable continua. He obtained that a rim-metrizable den-
droid with the property of Kelley is smooth [13]. A contin-
uum X has the property of Kelley if for each x € X, each
A € C(X) (the space of all subcontinua of X with the Vi-
etoris topology), with x € A, and each open neighbourhood
V of A in C(X) there exists an open neighbourhood W of x
in X such thatif y € W, then there exists B € C(X) such that
y € B e V. A continuum X is smooth at p € X if for each
convergent net {x,: n € D} in X and for each K € C(X)
such that p,x € K, where x = limx, in X, there exists a
net {K;: i € E} in C(X) such that each K; contains p and
some x, and lim K; = K in C(X). A smooth continuum is
a continuum which is smooth at every point.

Any rim-scattered space which is a continuous image of
an arc must be rim-countable (Nikiel, Tymchatyn and Tun-
cali [20]). On the other hand, Nikiel, Treybig and Tuncali
[22] constructed a rim-metrizable locally connected contin-
uum having continuous image that is not rim-metrizable.
There exists also an example of rim-scattered locally con-
nected continuum which is not rim-countable provided by
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Drozdovskii and Filippov [6]. This example has a base
of open sets with metrizable 0-dimensional boundaries. In
1999, Drozdovskii constructed a rim-countable locally con-
nected continuum which is not arcwise connected. Construc-
tions of these examples utilize inverse limits of transfinite
inverse sequences of length w consisting of compact metric
spaces and techniques of Filippov used in the construction of
a perfectly normal compacta in 1969. Filippov constructed
a perfectly normal compact space having a base of open sets
with 0-dimensional metrizable boundaries. His construction
involved replacing points of a Lusin set in the unit square
with circles. In 1990, Gruenhage presented an example of a
perfectly normal locally connected, rim-metrizable contin-
uum which is not arcwise connected. Both of the last two
constructions were done assuming CH (Continuum Hypoth-
esis).

If an Fy-subset of a locally connected continuum has
a 0-dimensional boundary, then its boundary is metrizable
(see [16]). Using this result, one can prove that each locally
connected perfectly normal continuum X with ind(X)=1 is
rim-metrizable. The last fact and the above examples of Fil-
ippov and Gruenhage relate to the consistency question of
M.E. Rudin: Is it consistent that a locally connected perfectly
normal continuum is metrizable? (see [VMR, pp. 86-95]). It
is known that the product X x [0, 1] of a locally connected
perfectly normal continuum with [0,1] is perfectly normal
and locally connected. However, the results of [27] imply
that X x [0, 1] is rim-metrizable if and only if X is metriz-
able.

The reader is referred to [2] for further discussion of open
problems concerning rim-metrizable continua.

In conclusion, there is a rich theory behind the study of
topological spaces with various rim-properties. In this paper
a sample of results is examined in order to give a sense of
relationships between various classes of rim-P spaces and
their connection to other problems and topics in Topology.
There are many results and names which are not mentioned
in this paper. There are many problems that have not yet been
solved. Many of these problems are discussed in the papers
listed in the references.
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b-12 Categorical Topology

Categorical topology applies results and methods of Cate-
gory Theory to topological structures and, conversely, gen-
eralizes some results and methods from topological struc-
tures to more general categories. The word “category”
comes here from the abstract Category Theory and not from
the terms “sets of first or second category”. The next descrip-
tion is restricted to some parts of categorical topology only
and is far from being precise because otherwise one would
need to define many categorical concepts, which is outside
the scope of this publication.

A category C is defined as a class of objects X,7Y, ...
(like topological spaces, groups, lattices) together with sets
C(X,Y) of morphisms between objects X, Y (like con-
tinuous maps, homomorphisms, monotone maps) satisfy-
ing some natural conditions (composition of morphisms ex-
ists, it is associative and has units, i.e., identity morphisms
on objects exist) — see, e.g., the book [1] for details. Thus,
one has a category Set of sets and maps, Top of topological
spaces with continuous maps, Unif of uniform spaces with
uniformly continuous maps, TopGr of topological groups
with continuous homomorphisms. For mefric spaces as ob-
jects one may choose for morphisms, e.g., continuous maps
or uniformly continuous maps or Lipschitz maps or contrac-
tions.

A subclass /C of objects of C together with subsets of mor-
phism that form a category under the same composition and
units is called a subcategory of C (in case the sets of mor-
phisms of K are the same as in C, one calls K a full subcat-
egory of C). Thus, the above subcategories of metric spaces
with continuous maps composed of all metric spaces and
uniformly continuous maps, or Lipschitz maps, or contrac-
tions, are nonfull subcategories; the category Haus of Haus-
dorff spaces and continuous maps is a full subcategory of
Top.

Like for other mathematical structures, one has maps
between categories preserving the structure. A map F
that maps objects of a category C into objects of a cat-
egory K and sets C(X,Y) into the sets JC(F(X), F(Y))
(or C(F(Y), F(X))) is called a covariant functor (or a con-
travariant functor, respectively) provided it preserves the
composition of morphisms and the identity morphisms. For
instance, the so-called forgetful functors from Top to Set
or Unif to Set or TopGr to Gr, forgetting a structure and
keeping the underlying sets (or groups) and maps are co-
variant; the functor assigning to sets their power sets and to
maps f:X — Y the maps assigning to A C Y its preimage
f -1 (A) is contravariant.

To describe a property by categorical concepts means to
characterize it by using maps and their compositions, with-
out using points. For instance, a one-to-one map f from a set

X into a set Y (in symbols f: X — Y) can be characterized
by the property: if g, h are maps from a set Z into X such
that f o g = f o h then g = h. Such morphisms f are called
monomorphisms. Dually (i.e., by reversing arrows) we get
so called epimorphisms corresponding to maps f onto Y:
if g, h are maps from Y into a set Z suchthatgo f =ho f
then g = h. Epimorphisms are not always maps onto; e.g.,
in the above category Haus the epimorphisms from X into ¥
are continuous maps onto dense subsets of Y.

A product of objects X;, i € I, is an object X together
with morphisms pr; : X — X; such that for any other object
Y and morphisms f;:Y — X; there is a unique morphism
f:Y — X with pr;of = f; for all i. This definition gives
the usual Cartesian products of structures (up to isomor-
phism, of course) in all usual categories. It is a special case
of limits in categories (dual notion: colimit).

Another important notion from Category Theory is that of
reflection of an object X of a category C in a subcategory K:
it is an object ¥ of K together with a morphism r: X — Y
such that any other morphism f:X — Z into an object Z
of IC yields a unique morphism g of L with f =gor.
Examples in Top are completely regular modifications (re-
flections in the full subcategory of Top composed of all
completely regular spaces), Cech—Stone compactifications
(reflections in compact Hausdorff spaces), Hewitt—Nachbin
realcompactifications (reflections in realcompact Hausdorff
spaces), completions in metric spaces with uniformly con-
tinuous maps (reflections in complete metric spaces) — the
reflective subcategory is usually clear from the name of the
hull or the modification. The dual notion is called coreflec-
tion, e.g., locally connected modification in Top, sequential
modification in Top, topologically fine uniformities in Unif.
A map F assigning to X from C its reflection Y = F(X) in K
can be extended to morphisms making F a functor (called a
reflector); the dual notion is coreflector. All the mentioned
examples above have a common feature, namely that the
morphism r is an epimorphism in C; if this is the case, then
K is said to be epireflective in C (and F' an epireflection).
Dually one has monoreflective subcategories — all the exam-
ples above are of that kind (in fact, they must be such). These
special reflective and coreflective subcategories have simple
characterizations (see below). Reflectors and coreflectors are
special cases of so called adjoint functors that can describe
many occurring relations between categories.

Systematic investigation of interactions between general
topology and Category Theory started around 1960, thus
about 10 years later than that between algebraic topology
and Category Theory. Since that time the field grew up so
that it got a name Categorical Topology. For main surveys
of results and developments see [3-5]. There is no such sur-
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vey from 90s, but some proceedings of conferences are a
good source (e.g., [6]).

As mentioned above, interactions between category the-
ory and topological structures are of two basic forms. Either
general results and methods of Category Theory can be used
to investigate special classes of topological structures, or to-
pological results and methods are generalized to categories
to get more general methods that can be applied backwards
to other topological structures. As an example one can use
the Cech’s method of a construction of Cech—Stone com-
pactification that was generalized to get reflections of a cat-
egory C in a subcategory K (in the original case C is the cat-
egory of Tychonoff spaces with continuous maps and /C is
the subcategory of compact spaces with continuous maps).
To get reflections, one needed that products in C of spaces
from K belong to K, that some nice subspaces of spaces
from K belong to /C, too (in the original case one uses closed
subspaces) and, finally, that there is a representative set of
epimorphisms from a given space into spaces from K. So,
“if IC is productive and nicely hereditary in C and has the
above representative sets, then every object of C has an epire-
flection in K. From this characterization we know that vari-
ous hulls and modifications exist without constructing them.

Unlike algebraic structures, topological ones on the same
set can be compared (one has finer or coarser structures,
i.e., identity maps on underlying sets are morphisms be-
tween non-coinciding objects). That makes some topological
characterizations more complicated (e.g., subspaces); on the
other hand, it allows to use the so called initial (other terms:
weak, projective) structures and their duals (final, or strong
or inductive structures, respectively). In Top, an initial struc-
ture (an initial topology) on a set X generated by maps f;
into topological spaces X; is the coarsest topology (with
the fewest open sets) on X making all f; continuous. Like-
wise a final structure (a final topology) generated on a set X
generated by maps f; from spaces X; into X is the finest
topology (with the most open sets) that makes all f; con-
tinuous. It is clear how to carry over that definition to Unif,
for instance. In TopGr one must take groups instead of sets
and homomorphisms instead of maps (for fopological linear
spaces one takes linear spaces and linear maps). That defin-
ition has a sense in any category of richer structures defined
on some poorer structures. If all initial or final structures ex-
ist in a category C with respect to some “poorer” category /C,
one says that C is a topological category over K. Thus Top
and Unif are topological categories over Set (there are much
more such categories, e.g., convergence spaces, nearness
spaces! and their nice coreflective and reflective subclasses

IFor a set X, P(X) denotes the power set of X. Let & C P(P(X)). Then
the pair (X, &) is called a nearness space if the following conditions (i)—
(v) hold for every A, B € P(P(X)): (i) if (A # ¥, then A € &, (ii) if
B € & and if for each A € A there is B € B such that B C A, then A € &,
(iii) if {A U B: A € A, B € B} € &, then either A € & or B € &, (iv) if
{clA: A e A} €&, then A € &, where x € cl A if and only if {{x}, A} € &,
(v)# €€ and P(X) €.

like completely regular spaces, sequential spaces), TopGr is
topological over Gr, topological linear spaces are topological
over the category of linear spaces and linear maps. Many
general results for the class of topological spaces are valid
in topological categories.

Since Top lacks some nice general properties (e.g., prod-
ucts do not preserve quotients, Top is not Cartesian closed,
e, XY*Z £ X% where the power A8 means a space of
all morphisms from B into A), new topological categories
were described that are “nicer” from the point of view of
those properties. For instance, k-spaces form a Cartesian
closed subcategory of Top, various convergence spaces form
a Cartesian closed category containing Top.

There are many topological notions that were generalized
to other categories. One may mention connectedness (some
morphisms into given objects are of a given form, e.g., they
are constant), closure operators (see the book [2]), or some
constructions in compact spaces (see the book [7] on normal
functors). Categorical methods are also used in finding rep-
resentations of algebraic structures in topological ones; one
of the Trnkova’s results (see [5] for this and other similar
results) asserts that “every finite Abelian group can be rep-
resented by products of compact O-dimensional separable
topological spaces”.
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b-13 Special Spaces

Many examples play an important role in the study of gen-
eral topology. We introduce some of them which are of gen-
eral interest. Let w denote the first infinite cardinal and let
¢ =2“. We shall denote by R the set of real numbers, QQ the
set of rational numbers and N the set of positive integers.
The real line R is assumed to have the usual fopology unless
otherwise stated.

Alexandroff’s double circle

The Alexandroff double circle is a classic example of
a first-countable, compact, non-metrizable space which is
easy to describe [1]. Consider in the plane R? two concentric
circles C; = {(i,0): 0 < 6 < 2m} for i =1, 2, where points
are represented by polar coordinates. Define A = C1 U C3
and let p:C; — C3 be the bijection defined by p((1,0)) =
(2,0) for each 0. For each x € C; and each n € N, let
U (x,n) be the open arc of C; with center x and of length
1/n. Topologize A by letting sets of the form

Ux,n)uU p[U(x, n)\ {x}], neN,

be basic neighbourhoods of a point x € C; and declar-
ing points of C» to be isolated. The resulting space A is
called the Alexandroff double circle. The space A is first-
countable, compact, Hausdorff and hereditarily normal, but
is not perfectly normal since the open set C is not an F -set
of A [E, 3.1.26]. Moreover, A does not satisfy the countable
chain condition since C, is an uncountable set of isolated
points. Thus, A is neither separable nor hereditarily Lin-
delof.

Engelking [4] generalized the construction of the space A
by replacing the circle C; by an arbitrary space X as fol-
lows: For every space X, consider a disjoint copy X; of X
and the union A(X) = X U X;. Let p: X — X be the nat-
ural bijection. Topologize A(X) by letting sets of the form
U U p[U \ {x}], where U is a neighbourhood of x in X, be
basic neighbourhoods of a point x € X and declaring points
of X to be isolated. The space A(X) is called the Alexan-
droff duplicate of X. Let D(«) be the discrete space of car-
dinality «. Engelking [4] and Juhdsz [11] used the Alexan-
droff duplicate to prove that for every infinite cardinal «, the
product D)% includes D(2¥) as a closed subspace, de-
spite the fact that the demnsity d (D(k)*) =« by the Hewitt—
Marczewski-Pondiczery Theorem [E, 2.3.15]. Since the
projection f:A(X) — X is a perfect map, if X is compact,
so is A(X), and if X is metrizable, then A(X) is a para-
compact M-space. It is also known that A(X) is Hausdorff,
Tychonoff and normal if X has the corresponding property
(see [4,9, 11]).

Arens’ space

Arens’ space is an example of a countable space whose to-
pology cannot be described by sequences alone. Let X =
{(0,0)} U (N x N). For each f € NY and each k € N, let

Utk ={0.0}ul J{G. ) eNxN:j> f@}.

i>k

Topologize X by letting sets of the form U (f, k), where f €
NN and k € N, be basic neighbourhoods of the point (0, 0)
and declaring points of N x N to be isolated. The space X is
called Arens’ space. The subset N x N is not closed in X, but
is sequentially closed since every convergent sequence in X
is eventually constant [E, 1.6.20]. Thus, X is not a sequential
space. More precisely, X is not even a k-space since every
compact set in X is finite [E, 3.3.24]. Franklin [7] showed
that the space X can be embedded in a sequential space by
defining the space

Y ={(0.0)} U (N x (NU{0}))

with the following topology. A basic neighbourhood of the
point (0,0) is a set of the form U(f, k) U {(i,0): i > k}
for f € NN and k € N; a basic neighbourhood of the point
(i,0), i € N, is a set of the form {(Z,0)} U {(, j): j > k}
for k € N; and each point of N x N is isolated. The space
Y is a zero-dimensional, sequential, T1-space and includes
Arens’ space as a dense subspace [E, 1.6.19]. The latter fact
implies that Y is not a Fréchet space, since a subspace of a
Fréchet space is Fréchet and every Fréchet space is sequen-
tial. Moreover, Y is Lindelof and perfectly normal, because
Y is countable.

Cantor set

The Cantor set is a well-known example of a nowhere dense,
closed, perfect subset (i.e., a closed set with empty interior
and with no isolated points) of R which is useful in many ar-
eas of mathematics. Now, we construct the Cantor set. Start
with the closed unit interval Iy = [0, 1]. Let I; be the set
obtained from Iy by deleting its middle third (1/3,2/3),i.e.,
Iy =10, 1/3]U[2/3, 1].Let I be the set obtained from /; by
deleting its middle thirds (1/9,2/9) and (7/9, 8/9). In gen-
eral, 1,11 is obtained from I, by deleting the middle open
interval, with length 1/3"+!, of each component of I,,. Then
the intersection

C=(\I

neN

is called the Cantor set or the Cantor discontinuum. The
set C is a nowhere dense, closed, perfect set with Lebesgue
measure zero. As a subspace of R, it is not only a zero-
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dimensional, compact, metric space but also a universal
space for zero-dimensional, separable, metric spaces, i.e.,
every zero-dimensional, separable, metric space is homeo-
morphic to a subspace of C [E, 6.2.16]. Conversely, every
complete metric space with no isolated point has a sub-
space which is homeomorphic to C [E, 4.5.5]. Further, every
closed subspace of C is a retract of C and every compact
metrizable space is a continuous image of C [E, 4.5.9]. It
is known that the Cantor set is homeomorphic to the prod-
uct D® of countably many copies of the two-point discrete
space D = {0, 1} [E, 3.1.28].

For an infinite cardinal «, the product D* is called the
generalized Cantor discontinuum or the Cantor cube
of weight k. The space D* is a universal space of zero-
dimensional spaces of weight x and every compact space of
weight « is a continuous image of a closed subspace of D*
[E, 6.2.16 and 3.2.2]. More results related to the generalized
Cantor discontinuum can be found in [E].

Hedgehog

Let « be an infinite cardinal, S a set of cardinality «, and let
I = [0, 1] be the closed unit interval. Define an equivalence
relation £ on I x S by (x,) E (y,B) ifeither x =0=y
or (x,a) = (y, B). Let H(x) be the set of all equivalence
classes of E; in other words, H (k) is the quotient set ob-
tained from / x S by collapsing the subset {0} x S to a point.
For each x € I and each @ € S, (x, @) denotes the element
of H (x) corresponding to (x,«) € I x S. There exist two
natural topologies on H («). The first one is the topology in-
duced from the metric d on H (x) defined by

ifa =8,

x+y ifa#g.

d((x.a). (. B) = { X
The set H(x) with this topology is called the hedgehog
of spininess x and is often denoted by J(x) [E, 4.1.5].
The space J (k) is a complete, non-compact, metric space
of weight . Hence, it is not totally bounded [E, 4.3.B
and 4.3.29]. Moreover, the product J(k)“ is a universal
space of metrizable spaces of weight «; in particular, every
completely metrizable space of weight « is homeomorphic
to a closed subspace of J(x)® [E, 4.4.9 and 4.4.B]. It is
known that J (k) is not strongly paracompact when k > w
[E, 6.1.E]. Further, a T1-space X is collectionwise normal if
and only if for each cardinal ¥ and each closed subspace A
of X, every continuous map f:A — J(k) is continuously
extendable over X [E, 5.5.1].

The second topology on H (k) is the quotient topology
induced from the product topology of I x S, where I has the
usual topology and S has the discrete topology. The set H (k)
with this topology is called the fan and is now denoted by
F(x). The product space I x S is metrizable and the natural
map ¢:1 x S — F(k) is closed, while the space F (k) is
not first-countable, since the character of the point (0, o)
is uncountable. The space F(kx) is a typical example of a
Lasnev space (i.e., the image of a metrizable space under a
closed map) which is not metrizable.

Lexicographically ordered square

The lexicographically ordered square is another example of
a first-countable, compact, non-metrizable space. Consider
the linear order < on the square /2 defined by (x1, y;) <
(x2, y2) whenever either x; < x2 or x; = x2 and y; < y7.
This order < is called the lexicographic order and the
ordered set (12, <) with the order topology induced by <
is called the lexicographically ordered square. The space
(I 3 <) is compact and first-countable, but does not satisfy
the countable chain condition, since {{x} x {y: 0 <y < 1}
x € I} is an uncountable family of disjoint open sets. Hence
(I%, <) is neither separable nor hereditarily Lindelof. More-
over, (I?, <) is not perfectly normal since the open set
I x{y:0 <y < 1}isnotan Fy-set [E, 3.12.3]. The closed
subspace

X:{(x,O):0<xgl}U{(x,l):O§x<1}

of (1 2 <) is called the two-arrow space, which is also a
classic example of a first-countable, compact, non-metriz-
able space [1]. Unlike the Alexandroff double circle or the
space (12, <), the space X is hereditarily separable and
hereditarily Lindelof and thus perfectly normal. It is, how-
ever, known that X x X is not hereditarily normal. Hence,
X is not metrizable. For more details, see [E, 3.10.C].

Michael line

The Michael line is an example constructed by E. Michael
to show that the product of a normal 77 -space with a metric
space need not be normal. Let P be the set of irrational num-
bers, i.e., P =R\ Q. The Michael line M is the set R with
the new topology generated by the base

B={UUK:UisopeninR and K C P}.

In other words, M is the space obtained from the real line R
by making each point of P isolated. The space M is a para-
compact, Hausdorff space, and hence, a normal T7-space. If
we consider PP a subspace of R, then the product M x P is
not normal, because the sets Q x IP and {(x, x): x € P} are
disjoint closed in M x [P but cannot be separated by dis-
joint open sets [E, 5.1.32]. It is also known [14] that the
product M" is paracompact for all » < w, but M? is not
normal. Thus, M" is not homeomorphic to M for every
n < w. More precisely, Burke and Lutzer [2] proved that if
1 <m <n < w,then M™ is not homeomorphic to M". The
construction of the Michael line can be generalized as fol-
lows: Consider a space X and its subspace Y. The set X
with the new topology generated by the base

B={UUK:Uisopenin X and K C X \ Y}

is denoted by Xy. If X is a T;-space withi =0, 1, 2, 3, 3%,
then sois Xy foreach Y C X [E, 5.1.22]. On the other hand,
the space Xy cannot be normal if Y is a non-normal sub-
space of X. Thus Xy need not be normal even if X is a com-
pact Hausdorff space. The paracompactness of the Michael
line follows from the general result that if X is hereditarily
paracompact, then so is Xy foreach Y C X [E, 5.1.22]. It is
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known that there exists a subset P C R such that no uncount-
able closed set of R is contained either P or R \ P. Such a
subset P is called a Bernstein set or a totally imperfect set.
If we use a Bernstein set P instead of [P in the definition of
the Michael line, then the space M’ = Rp\ p is Lindelof and
M’ x P is not normal [E, 5.5.4]. It is an interesting open
problem to find an example in ZFC of a Lindelof, regular
T1-space X such that X x P is not normal [KV, Chapter 18,
Problem 7].

Bing’s example G

Define a map e: R — DFP®) from the real line into the Can-
tor cube indexed by its power set, as follows: e(x)4 = 1 iff
x € A. Denote the Cantor cube by X and let Y be the subset
e[R] of X. Then Y is a relatively discrete subspace of X and
hence a closed and discrete subset in the space G = Xy as
defined above. The space G is known as Bing’s example G
and it is a normal but not collectionwise Hausdorff space.
See [En, 5.1.23 and 5.5.3] for more of its properties.

Niemytzki Plane

The Niemytzki Plane is an example of a non-normal, Ty-
chonoff, Moore space. Let L be the closed upper half-plane,
Li={(x,0):xeR}and Ly =L\ L;.Forevery p € L and
e >0, let B(p, ¢) be the set of all points of L inside the
circle of radius ¢ and center at p, and define

U(p.e)=B((x,¢e),e) U{p} forp=(x,0)€ Ly,

and U(p,¢e) = B(p,¢) for p € Ly. The Niemytzki Plane
is the set L with the topology generated by the base
{U(p,e): pe L, ¢ >0} [E, 1.2.4]. The space L is a sep-
arable, Tychonoff, Moore space with the closed discrete
subspace L of cardinality c. Since the disjoint closed sets
A={(x,0):x €Q}and L; \ A cannot be separated by dis-
joint open sets in L, L is not normal [E, 1.5.10]. This also
follows from Jones’ Lemma asserting that if a separable
normal space contains a discrete closed set of cardinality «,
then 2“ < ¢ [E, 1.7.12 (¢)]. Likewise, Fleissner [5] proved
that no separable, countably paracompact space contains a
discrete closed set of cardinality c. Hence, L is not countably
paracompact. A subset A C R is called a Q-set if every sub-
set of A is a Gs-setin A. Take an uncountable Q-set A in R,
which exists under certain set-theoretic assumption such as
Martin’s Axiom and the negation of the Continuum Hy-
pothesis [KV, Chapter 5, Theorem 4.2]. Then, the subspace

X ={(x,0:xe€A}U(L\L)

of L is known to be normal [KV, Chapter 15, Example F],
but not collectionwise normal, since the discrete collection
{{(x,0)}: x € A} of closed sets cannot be separated by dis-
joint open sets in X. Hence, X is a separable, normal, non-
metrizable, Moore space.

Spaces NUR
Spaces NU R are examples of a pseudocompact, Tychonoff
space which is not countably compact [15], [KV, Chap-

ter 3, Section 11]. Besides, they are non-metrizable, separa-
ble Moore spaces, like the Niemytzki plane. Two countable
infinite sets are said to be almost disjoint if their intersection
is finite. Take a maximal family R of pairwise almost dis-
joint, infinite subsets of N, and topologize the union NU R
by letting sets of the form
Un(A)=(A\{1,2,...,n})U{A}, neN,

be basic neighbourhoods of A € R and declaring points of
N to be isolated. The resulting space N U R is often called a
¥ -space and is now denoted by ¥ (R). The space ¥ (R) is
a zero-dimensional, first-countable, locally compact, Haus-
dorff space. By the maximality of R, ¥ (R) has no infi-
nite discrete family of non-empty open sets, which implies
that ¥ (R) is pseudocompact. On the other hand, ¥ (R) is
not countably compact since R is discrete closed in ¥ (R).
Thus, ¥ (R) is neither normal nor countably paracompact,
because pseudocompactness coincides with countable com-
pactness in the realm of normal spaces and countably para-
compact spaces [E, 3.10.20 and 3.10.21]. Moreover, ¥ (R)
is a Moore space, and hence, every closed set is a Gs-set.
In fact, if we put U, = {U,(A): A € R} U {{i}: i < n} for
each n € N, then {U,: n € N} is a development of ¥ (R).
Mréwka [17] proved that there exists R such that ¥ (R) is
almost compact, i.e., |f¥Y(R) — W (R)| = 1, and Terasawa
[19] proved that for every n € NU {00}, there exists R, such
that dim¥ (R,) = n, where dim stands for the covering di-
mension.

Ordinal numbers

We identify a cardinal with its initial ordinal, and an ordinal
with the set of all smaller ordinals. Let w; be the first un-
countable ordinal. For an ordinal «, let cf(cr) be the smallest
ordinal 8 such that there exists a map f:8 — o with the
property that f[A] is unbounded in «. The ordinal cf(«) is
called the cofinality of «. Now, we consider every ordinal
« a space with its order topology. Then, 0 and all successor
ordinals in « are isolated points in « and all limit ordinals
in o are limit points in «. As a linearly ordered topological
space, every ordinal is a collectionwise normal and count-
ably paracompact T1-space [E, 5.2.22]. Further, every ordi-
nal « is a locally compact space with dima = 0. The follow-
ing statements (1)—(4) are also valid for every ordinal & > 0:

(1) o is compact if and only if « is a successor;

(2) « is countably compact if and only if either « is a suc-
cessor or cf(a) > w;

(3) « is metrizable if and only if & < w1; and

(4) « is first-countable if and only if o < wy.

Moreover, if cf(o) > w, then every real-valued continuous
function f on « is constant on « \ B for some 8 < o, which
implies that f is continuously extendable over « + 1. Hence,
the Cech-Stone compactification of « is « + 1 provided
that cf(o) > w [E, 3.1.27 and 3.6.10]. Let two ordinals «
and B be fixed. Davis and Hart [3] proved that the prod-
uct space o x B is normal if and only if one of the follow-
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ing conditions (i)—(iii) holds: (i) cf(«) < w and cf(B) < w;
(i) ¢ = B = cf(w); (iii) cf(a) < w and o < cf(B). In partic-
ular, the product w; x (w1 + 1) is not normal. Kemoto and
Smith [12] proved that all subspaces of « x B are countably
metacompact. Fleissner, Kemoto and Terasawa [6] proved
that dim(a x B) = 0, while @ x ¢ contains a subspace S,
with dim S,, = n for each n € NU {oo}. The space

T=((w+1)x@+D)\{(. o)}

is called the Tychonoff plank. The space T is pseudo-
compact since it has a countably compact, dense subspace
w1 X (w+1), while T itself is not countably compact since it
contains an infinite, discrete, closed subset {w]} x w. Hence,
T is neither countably paracompact nor normal. Moreover,
B(T)= (w1 +1) x (w+ 1), and hence, T is almost compact
[E, 3.1.27].

For every limit ordinal @ > 0, let L(«) be the linearly
ordered space constructed from the space o by placing be-
tween each ordinal 8 < « and § + 1 a copy of the open inter-
val {x € R: 0 < x < 1}. In other words, L(«) is the linearly
ordered space @ x {x € R: 0 < x < 1} with the lexicographic
order. Then, L () is a connected space and the statements
(1)-(4) above remain true if « is replaced by L(«). In partic-
ular, the space L(w;) is called the long line and the linearly
ordered space L(w;) U {w;} obtained by adjoining the max-
imum point w1 to L(w;) is called the long segment. For
every x € L(w1), the subspace {y € L(w;1): y < x} of L(w1)
is homeomorphic to the closed unit interval in R, and the
long segment is the Cech-Stone compactification of the long
line [E, 3.12.19].

Sorgenfrey line

The Sorgenfrey line is an example constructed by R.H. Sor-
genfrey to show that the square of paracompact, Hausdorff
spaces need not be normal. Consider on the real line R the
topology generated by the base

B:{[a,b):a<b, a,be]R},

where [a,b) = {x € R: a < x < b}. The set R with this to-
pology is called the Sorgenfrey line and is now denoted by
S [E, 1.2.2]. The space S is hereditarily separable, hereditar-
ily Lindelof [E, 3.8.14], and is a zero-dimensional Hausdorff
space since each interval [a, b) is open and closed in S. Thus,
S is a paracompact, perfectly normal, 77-space. On the other
hand, the square S? is not normal, because the disjoint closed
sets A = {(x,—x): x € Q} and B = {(x, —x): x e R\ Q}
cannot be separated by disjoint open sets in S? [E, 2.3.12].
Since the set A U B is discrete closed in S2, the latter fact
also follows from Jones’ Lemma stated above. Further, $2 is
not countably paracompact by the same reason as the case
of the Niemytzki plane. The square S is often called the
Sorgenfrey plane. It is known [10, 13] that S is perfect,
i.e., every closed subset of S“ is a Gs-set, and subparacom-
pact. Mréwka [16] and Terasawa [18] independently proved
that dim S = 0 for every cardinal number «, and Fora [§]

proved that dim X < O for every subspace X of S“. More-
over, Burke and Lutzer [2] proved that if 1 <m <n < o,
then S is not homeomorphic to S”.
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c-1 Continuous and Topological Mappings

1. Continuous mappings

In the present article X, Y and Z denote topological spaces.
Let f: X — Y be amap (= mapping) from X into ¥ and x a
point of X. If for every open neighbourhood V of f(x)inY
there is an open neighbourhood U of x such that f(U) C V,
then the map f is said to be continuous at x. If f is contin-
uous at every point of X, then it is called a continuous map
(mapping), or we can say f is continuous on X. A con-
tinuous map from X into R (C) is often called a real-valued
(complex-valued) continuous function on X I Real-valued
continuous functions of one real variable are the best known
examples of continuous maps (from R into R). Another ex-
ample is that every map from a discrete space into any space
is a continuous map.

Suppose f:X — Y and g:Y — Z are continuous maps.
Then the composite map g o f defined by g o f(x) =
g(f(x)), x € X, is also a continuous map from X into
Z. If X' is a subspace of X, then the restriction of f to
X’ denoted by f|x’ is a continuous map from X’ into Y.
Let f:X — Z and g:Y — Z be both continuous maps;
then the map h: X @& Y — Z defined by h(x) = f(x) if
x € X and h(y) = g(y) if y € Y is a continuous map, where
X @Y denotes the (topological) sum of X and Y. Suppose
fo: X — Y, is a continuous map for each o € A. Then the
map f:X — ]_[aeA Yy defined by f(x) = (fo(x))aeca 1S
also a continuous map, where [[,.4 Yo denotes the prod-
uct space (with Tychonoff product topology) of the spaces
Yy, x € A.

If the domain of a continuous map is a fopological prod-
uct space then the map is said to be jointly continuous,
as opposed to separately continuous, which in the case
when X = X x X5, say, means that f(-,x2): X, — Y and
f(x1,-): X1 — Y are continuous, for each individual x| and
X2.

Continuity of a map is characterized in various ways. The
following conditions are equivalent foramap f: X — Y.

(a) f is a continuous map,

(b) for every openset VinY, f~1(V) is an open set in X,

(c) forevery closedset GinY, f’1 (G)isaclosed setin X,

(d) for a base (or subbase) 5 of Y, and for every B € B,
f~Y(B) is an open set in X,

(e) for every subset A of X, f(clA) Ccl f(A) inY, where
cl A denotes the closure of A.

n the present Encyclopedia N, R, Q, C, R", §" and I denote the set
of natural numbers, the real line, the set of all rationals in R, the complex
plane, the n-dimensional Euclidean space, the n-dimensional sphere and the
closed segment [0, 1], respectively.

(f) for every filter F in X converging to x, the filter 7’ in
Y definedby F'={B C Y: BD f(F) for some F € F}
converges to f(x),

(g) for every net ¢: D — X converging to x in X, the net
fog:D — Y convergesto f(x)inY,

(h) forevery x € X and for every neighbourhood V of f(x)
inY, f’l(V) is a neighbourhood of x in X.

(See [E] or [N] for the proofs.)

The last three conditions can be used to characterize con-
tinuity at a point, too. Especially, if X is first-countable,
then f:X — Y is continuous at x € X iff for every (point)
sequence (x;) converging to x in X, the (point) sequence
(f (x;)) converges to f(x) in Y. This is a definition of con-
tinuity used in some elementary calculus books. Similarly
we obtain the standard definition of continuity in calculus
by modifying the original definition in case that (X, p) and
(Y, o) are both metric spaces. Namely f:X — Y is con-
tinuous at x € X iff for every ¢ > O there is § > 0 depend-
ing on ¢ and x such that o (f(x), f(x")) < ¢ in Y whenever
o(x,x") <8 in X, where p and o denote the metrics on X
and Y, respectively.

There are various generalizations of continuity. In the fol-
lowing are two of them.

Let f:X — R be a real-valued function defined on X.
If for every x € X and every a > f(x) (a < f(x)), there is
a neighbourhood U of x such that @ > f(x') (a < f(x'))
for all x’ € U, then f is called an upper semi-continuous
function (lower semi-continuous function). f : R — R de-
fined by f(x) =x forx <0 (x <0)and f(x) =x + 1 for
x 2 0 (x > 0) is an example of an upper semi- (lower semi-)
continuous function. See the article on “Generalized con-
tinuities” in this Encyclopedia for more generalizations of
continuous maps.

2. Topological mappings

Let f:X — Y be a continuous map from X onto Y. If X
is a compact space, then so is Y. If X is connected, then so
is Y. Namely compactness and connectedness are preserved
by continuous maps. But, generally speaking, not so many
properties are preserved by continuous maps. The image of a
closed (open) set in X by the continuous map f is not neces-
sarily closed (open) in Y. Suppose X =[], c4 X, i.e., X is
the product of spaces Xy, @ € A. Then the map p: X — X,
defined by p(x) = x4 for x = (x4)aea € X is called a pro-
Jjection. The projection is continuous on X and maps open
sets to open sets but does not necessarily map a closed set
to a closed set. To see it, consider the particular projection
p:R? - R; then the closed subset F = {(x, y): xy = 1} of
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R? is mapped by p onto R — {0}, which is not closed in R.
A more trivial example is the bijection i : R; — R, where Ry
is the discrete space consisting of all real numbers, and R is
the real line while i (x) = x is the identity map. Then every
subset of Ry is closed and open but not necessarily mapped
to a closed (open) subset of R. Continuous maps which map
closed (open) sets to closed (open) sets are especially im-
portant, and discussions on those maps can be found in the
articles “Open maps” and “Closed maps” in this Encyclope-
dia.

Perhaps the most important type of continuous map is “to-
pological map”, whose definition is given below.

Let f:X — Y be a continuous bijection (= one-to-one
onto map) from X onto Y. If the inverse map f~! is also
continuous, then f is called a topological map or home-
omorphism, and X and Y are said to be homeomorphic
spaces. The homeomorphic relation is sometimes denoted
by X Y.

Note that if f is a topological map, then so is f~!. If
f:X — Y is a topological map and X’ C X, then so is
flx: X" — f(X). The composite of two (and accordingly
of finitely many) topological maps is a topological map.
A continuous bijection from X onto Y is a topological map
iff it maps every closed (open) set in X to a closed (open) set
inY.

The simplest example of a topological map is the identity
map i : X — X defined by i (x) = x. In the following are two
more well known examples. The map

fi(=LD={xeR:|x|<1} >R

defined by f(x) =tanZx is a topological map between
(—=1,1) and R. The map g illustrated by Figure 1 is a to-
pological map from S! — {po} onto R. Thus

(-1, D ZR=S" — {po).

In general R = S§" — {po} is known for each n € N.

A property of spaces is called a topological property (or
topological invariant) if it is preserved by every topolo-
gical map. Since a topological map maps topology to topo-
logy, every property which can be defined in terms of topo-
logy is a topological property, and vice versa. Compactness,

pO = (07 2)

0 e

Fig. 1. R= S! — {po}.

first-countability, second-countability, regularity, normal-
ity and paracompactness, they are all topological properties.
The term, topological invariant may be more suitable for to-
pological properties like character, weight and dimension.
“Metric” is not a topological property, but “metrizability”
is a topological property. “Completeness” of a metric space
is not a topological property, but “Cech-completeness” is a
topological property. Generally two homeomorphic topolo-
gical spaces may be regarded as the same space since they
have the same topological properties.

In 1872 F. Klein defined topology? (then called Analy-
sis Situs) as the geometry whose subject is the study of to-
pological properties. Since then the field of study has been
greatly expanded, and thus the definition of topology should
be also extended to include studies of various aspects rele-
vant to topological properties. But still continuous map and
topological map are among the most significant and most
basic concepts in topology.

Topology today is divided into many subfields depending
on the methods and objects of study, e.g., set-theoretic to-
pology, algebraic topology, differential topology, geometric
topology and so on, among which general topology occu-
pies the most basic position. Because general topology aims
at the study of topological spaces themselves (and relevant
matters) while all topological theories are developed essen-
tially on topological spaces, and the concepts and languages
of general topology are used in most areas of modern math-
ematics.

Let f be a topological map from X onto a subspace Y’ of
Y; then f is called a topological embedding (imbedding)
of X into Y, and X is said to be topologically embedded
in Y. In this case, since X and Y’ = f(X) C Y may be re-
garded as the same space, we can regard X as a subspace of
Y. For example, R is topologically embedded in S', because
R = S' —{po}. See the article “Topological embeddings” for
the embedding theory.

A continuous bijection need not be a topological map as
the identity map i : R; — R in the previous section shows.
However, under certain conditions a continuous bijection
will be a topological map. Every continuous bijection from
R onto R is a topological map. Every continuous bijection
from a compact space onto a Hausdorff space is a topolo-
gical map.

A localization of the concept of homeomorphism is in the
following. A continuous map f:X — Y is called locally
homeomorphic at x € X if x has an open neighbourhood
U such that f(U) is an open set in Y and the restriction
flu of f to U is a topological map from U onto f(U). If
f is locally homeomorphic at every point of X, then it is
called a local homeomorphism. A local homeomorphism is
not necessarily a homeomorphism. Let Ry and R; be two
copies of R and

f Ry@R =R x{0,1} > R

2Note that this term can be used in two different senses. It is used here
to mean a subfield of mathematics, and it can be also used to mean the
collection of all open sets in a topological space.
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be the projection. Then f is a local homeomorphism but not
a homeomorphism. A local homeomorphism from X onto Y
is a homeomorphism if it is a bijection.

It is an interesting fact that under certain circumstances
one can prove that every real-valued function is continu-
ous on some dense subspace. A space X is said to have
Blumberg property if for every real-valued function f on
X, there is a dense subspace D of X such that the restric-
tion of f to D is continuous. H. Blumberg proved that
every separable complete metric space has this property. It
is also known that a metric space has the Blumberg prop-
erty iff it is a Baire space and that there is a compact Haus-

dorff space which does not have the Blumberg property. See
W.A.R. Weiss [1].

One can find something more about continuous and topo-
logical maps in [E] and [N].
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c-2 Open Maps

It seems that the study of open (interior) maps began with
papers [13, 14] by S. Stoilow. Clearly, openness of maps
was first studied extensively by G.T. Whyburn [19, 20]. No
doubt, the study of open maps and, in particular, light open
maps, was motivated by the fact that a non-constant func-
tion w = f(z), analytic in a region R of the z-plane which
takes R into the w-plane, is strongly open. That is, if U is
open in R, then f(U) is open in the w-plane. Furthermore,
f is a light map (for each x in R, f~! f(x) is totally dis-
connected). In fact, f~! f(x) is a discrete set (has no limit
point). The study of light open maps is the result of abstract-
ing these concepts from such analytic functions w = f(z).

For the purpose of this article, all spaces are metric ex-
cept when otherwise specified. Clearly, generalizations to
T1-topological spaces exist and are useful.

A map f of X into Y is an open map if and only if for
each U openin X, f(U) is open relative to f(X) in Y; f is
a strongly open map if and only if for each U open in X,
f(U)isopenin?Y.

If f is an open map of X onto Y where X is compact,
then f can be factored uniquely: f = Im where m is a
monotone map (m~'m(x) is connected) of X onto Z and
[ is a light open map of Z onto Y. This is a special case
of the monotone-light factorization theorem of S. Eilenberg
which also motivates the study of light open maps.

G.T. Whyburn characterized openness and closedness of
maps in terms of quasi-compactness: A map f of X onto
Y is open (closed) if and only if it is quasi-compact and
generates a lower semi-continuous decomposition (upper
semi-continuous decomposition) G of X into point inverses
G={f1fx)|xeX}).A map f of X onto Y is quasi-
compact if and only if the image of each closed (open) in-
verse set (U = f~! £(U)) is closed (open). The property is
due to P. Alexandroff and H. Hopf and called strong conti-
nuity.

A property of all open or closed maps and all retractions
is that local connectedness is invariant.

All continuous decompositions (lower and upper semi-
continuous) generate open and closed maps.

THEOREM 1 (G.T. Whyburn [19]). Suppose that f is an
open map of X onto Y where X is compact. If R is any
connected open set in Y, then each quasi-component Q of
F~Y(R) maps onto R under f.

If p e f~Y(R), then the quasi-component of f~!(R)
which contains p is the set consisting of p together with
all points x of f~!(R) such that f~!(R) # A U B, two sep-
arated sets where p € A and x € B (p is not separated from

xin fL(R)).

THEOREM 2 (G.T. Whyburn [19]). If f is an open map of
X onto Y where X is compact and C is any continuum in Y,
then each component K of f~'(C) maps onto C under f

(f(K)=0O).

THEOREM 3 (G.T. Whyburn [19]). Suppose that f is an
open map of X onto Y. If A is a closed non empty subset
of Y and f~'(A) does not locally separate X at a point
x € f~1(A), then A does not locally separate Y at f(x).

THEOREM 4 (G.T. Whyburn [19]). Suppose that f is an
open map of X onto Y where X is compact and locally con-
nected. If A is a closed subset of Y and R is a component
of Y — A, then f~Y(R) has at most a finite number of com-
ponents and each maps onto R under f. Furthermore, if f
is light and A is a locally connected continuum in Y (A is a
Peano continuum in Y) whose interior is dense in A, then
F~Y(A) is locally connected.

THEOREM 5 (F. Raymond — using Whyburn’s work [11]).
Suppose that M is a locally compact, locally connected,
Hausdorff space. Let f be a proper open map onto the Haus-
dorff space M*. If U* is an open connected set in M*, then
the components of U = f~Y(U*) are finite in number and
each is mapped by f onto U*. Furthermore, if G is a com-
pact group which acts on M and f: M — M /G is the orbit
map (f is open and closed), then for each component U; of
U = f~Y(U*), there exists an open and closed subgroup G;
of G which is the largest subgroup of G leaving U; invariant
and the maps induced by f map U;/G; homeomorphically
onto U*. Moreover, if one of the G; is a normal subgroup
of G, then all G, are identical and the order of G/ G, is the
same as the number of components of U.

QUESTION 1. Suppose that f is an open map of X onto Y
where X is compact. What can be said about the relation-
ships between the homology, cohomology, and homotopy
groups of X and Y?

The first result is due to S. Eilenberg [6]. Soon afterwards,
G.T. Whyburn [18] proved: If f is open and Hj(X) is fi-
nitely generated (rational coefficients), then the induced ho-
momorphism f: H1(X) — H;(Y) is onto. He also proved:
Suppose that N is a nodal set (N is a closed subset of X
and X — N N N is a point). Then fi.: H{(N) — Hi(f(N))
is onto.

THEOREM 6 (S. Smale [12]). Suppose that p is an open
map of X onto Y, X is a locally arcwise connected Haus-
dorff space, and Y is semi-locally simply connected met-
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ric space. Then (X, p, Y) has the covering homotopy prop-
erty for a point up to a homotopy (fixed at both ends
of [0, 1]). It follows that the induced homomorphism f :
mi(X, f~Y () = m1 (Y, y) is onto.

G.E. Bredon gave an example [2] of a light open map of
a contractible non-collapsible 2-complex K?Z onto S? (a 2-
sphere). Thus, H2(K?) =0 and Hy(S%) # 0. P. Roy gave
a much simpler example of a light open map of the dunce’s
hat onto a 2-sphere $2 (see L.F. McAuley [8]).J. Baildon [1]
gave an example of a light open map of Bing’s house B with
two rooms onto a 2-sphere S2. The space B is a contractible
non-collapsible two complex.

1. Conditions for openness

In addition to characterizations of open maps, there are some
conditions which imply openness.

THEOREM 7 (CJ. Titus and G.S. Young [15]). Let D be an
open set in E" and f:D — E" be light, of class C', and
have a non-negative (non-positive) Jacobian in D. Then f
is open.

There are results which relate openness to various types
of path-lifting.

THEOREM 8 (G.T. Whyburn and S. Stoilow [19, 13, 14]).
Suppose that f is a light open map of X onto Y where each
of X and Y is a compact metric space. Then each simple arc
in Y (homeomorphism of [0, 1] into Y) can be lifted to X.
That is, (X, f,Y) has the covering isotopy property for a
point.

E.E. Floyd generalized this theorem as follows:

THEOREM 9 (E.E. Floyd [7]). A light map of a Peano con-
tinuum E onto a Peano continuum B is open if and only if it
has the covering homotopy property for points.

In considering the question of “which fibrations are
open?”, P.T. McAuley defined the notion of path-lifting con-
tinuous at constants (PL-cc). For a map this notion lies be-
tween that of having the covering homotopy property for
points and being a Hurewicz fibration.

THEOREM 10 (P.T. McAuley [10]). If p: E — B has Pl-cc
and B is locally 0-connected, then p is open.

THEOREM 11 (P.T. McAuley [10]). If p: E — B has the
covering homotopy property for points and B is a 1st Axiom
space, then p is open.

THEOREM 12 (PT. McAuley [10]). If p: E — B is a light
map of a Peano continuum E onto B, then p is open if and
only if p has PL-cc.

2. Some properties of open maps on simple spaces

THEOREM 13 (G.T. Whyburn [19]). If X is a simple closed
curve and f is an open map of X onto Y, then Y is either
a simple closed curve or a simple arc. If Y is a scc, there
exists an integer k such that f is topologically equivalent
1o the map w = zX on the circle |z| = 1. If Y is a simple
arc, then there is an integer k such that f is topologically
equivalent to the map f(1,6) =sin (%) of the circle p =1
into the interval (—1,1). If X is a simple arc and f is an
openmap of X onto Y, then Y is a simple arc.

3. Some important theorems on light open and closed
maps

THEOREM 14 (A.V. Cernavskii [3]). Suppose that f is a
finite-to-one open and closed map on a connected (metric)
n-manifold M" onto a Hausdorff space Y. Then

(1) There is a natural number k so that for each x € M",
card(f~! f(x)) < k and

(2) the elements of maximal multiplicity, those x with
card(f =1 f(x)) =k, form a dense open set in M". Fur-
thermore,

(3) for each open set U of M", there is € > 0 such that if f
is any finite-to-one open and closed map of M" onto a
metric space Y and if f is not a homeomorphism, then
for some x € U, diam(f~! f(x)) > e.

The important work of D.C. Wilson should be mentioned
(an answer to a question raised by S. Eilenberg).

THEOREM 15 (D.C. Wilson [21]). If M3 is any compact
connected triangulated 3-manifold and m > 3, then there
is a light open map f of M3 onto I such that for each
x € M3, f~1f(x) is homeomorphic to the Cantor Set.

4. Approximating maps with open maps

THEOREM 16 (J.J. Walsh [16]). Forn >3,amap f:M" —
Y can be approximated by an open map f:M" — Y iff f is
quasi-monotone.

THEOREM 17 (J.J. Walsh [17]). A map from a compact PL
manifold M™ (m > 3) to a compact connected polyhedron
Q (or connected ANR) is homotopic to an open map iff the
index of fi(wi(M™)) in w1 (Q) is finite.

5. Differential open maps

The important work of P.T. Church on differentiable open
maps must be mentioned (only a few examples are cited
here).
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THEOREM 18 (P.T. Church [4]). Let f: E" — E" be open
and C'. If the rank of the Jacobian matrix of f at % is at
leastn — 1, then f is locally a homeomorphism at x.

THEOREM 19 (P.T. Church [4]). Let f:M" — N" be C"
and open (n > 2); let M be compact or let [ be light. Then
there exists a closed set E, dim E < n — 3, such that for each
X in M™ — E there exists a neighbourhood U of x on which
f is topologically equivalent to one of the canonical maps
Foa (d=1,2,...). Moreover, E is nowhere dense in By
unless f is a local homeomorphism.

THEOREM 20 (P.T. Church and J.G. Timourian [5]). If
f:MPY — NP is real analytic and open with p > 1, then
there is a closed subspace X C MP*! such that dim f(X) <
p — 2 and, for each x € MPY — X there is a natural
number d(x) with f at x locally topologically equiva-
lent to the map x4(x): C X RP~! — R x RP~! defined by
X (@5t oy tpo1) = (Re(zd(x)), Hy ooy tp_1).

There are a number of very useful survey articles some
of which are contained in “The Proceedings of Conference
on Monotone Mappings and Open Mappings”, dedicated to
the memory of G.T. Whyburn. A survey article on monotone
mappings (including monotone open maps and light open
maps) [9] is included in “General Topology and Modern
Analysis” along with other related articles on kinds of open
mappings.
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